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Plan:

Lecture I:  

Introduction to p-wave system and its comparison with its s-wave counterpart;  
Low-energy scattering and universal relations;  
Normal state and Fermi liquid properties; 
Three-body recombination.

Lecture II:  

Bulk viscosity and effects of effective range; connection to SO(2,1) symmetry; 
Viscosity sum rule and high frequency tails; 
Viscosity in 1D p-wave Fermi system; 
Emergent s-wave scattering in 1D p-wave Fermi system.



Low-energy scattering
Consider low-energy scattering via a short-range potential (～r0). The effects of the 
potential can be described by a few scattering parameters via effective range expansion.

Close to resonance (v→∞), causality bound shows that  and cannot be taken to be 
zero, so unitary limit for p-wave scattering cannot be achieved [Hammer and Lee, 2010; Bo 
Gao 2011, Yu, Thywissen and Zhang, 2015].

r1 > 0

In the s-wave case，
<latexit sha1_base64="TZkCOcPrlIZv9S729rvR+V8tNwQ=">AAACDnicbZBNS8NAEIY39avWr6pHL8EiKGJNimgvQsGLxwrWFpoaNpuJLtlkw+5EKKW/wIt/xYsHRbx69ua/cVt7UOsLCw/vzDA7b5AJrtFxPq3CzOzc/EJxsbS0vLK6Vl7fuNIyVwxaTAqpOgHVIHgKLeQooJMpoEkgoB3EZ6N6+w6U5jK9xH4GvYTepDzijKKx/PJO7DGJXggCqa93473TA/fQ0IHyIb6u7XsslKj9csWpOmPZ0+BOoEImavrlDy+ULE8gRSao1l3XybA3oAo5EzAsebmGjLKY3kDXYEoT0L3B+JyhvWOc0I6kMi9Fe+z+nBjQROt+EpjOhOKt/lsbmf/VujlG9d6Ap1mOkLLvRVEubJT2KBs75AoYir4ByhQ3f7XZLVWUoUmwZEJw/548DVe1qntcrV0cVRr1SRxFskW2yS5xyQlpkHPSJC3CyD15JM/kxXqwnqxX6+27tWBNZjbJL1nvX4Gomxo=</latexit>

k cot �s(k) = �1/as � rek
2 + · · ·

<latexit sha1_base64="v5icK5kIViIL2VqfZUGUAKClQLc=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0Woi9akiHYjFNy4rGAf0MYwmU7aIZNJmJkIJWTtxl9x40IRt36BO//GaZuFVg9cOJxzL/fe48WMSmVZX0ZhaXllda24XtrY3NreMXf3OjJKBCZtHLFI9DwkCaOctBVVjPRiQVDoMdL1gqup370nQtKI36pJTJwQjTj1KUZKS6556LuyEpxcDnyBcGpnadU+Ra6sCpcEd/UqDTLXLFs1awb4l9g5KYMcLdf8HAwjnISEK8yQlH3bipWTIqEoZiQrDRJJYoQDNCJ9TTkKiXTS2SsZPNbKEPqR0MUVnKk/J1IUSjkJPd0ZIjWWi95U/M/rJ8pvOCnlcaIIx/NFfsKgiuA0FzikgmDFJpogLKi+FeIx0qEonV5Jh2AvvvyXdOo1+7xWvzkrNxt5HEVwAI5ABdjgAjTBNWiBNsDgATyBF/BqPBrPxpvxPm8tGPnMPvgF4+MbS0aZWw==</latexit>

fs(k) =
1

�1/as � rek2 � ik

The s-wave effective range is sub-leading to ik; its effects usually is perturbative.

<latexit sha1_base64="cKtiNZ2BeNMStbfAy/BxKGivI3Y=">AAACFHicbVDLSsNAFJ3UV62vqEs3wSJUpDWpit0IBTcuK9gHNGmYTCftkEkmzEwKJfQj3Pgrblwo4taFO//GaZuFth64cDjnXu69x4spEdI0v7Xcyura+kZ+s7C1vbO7p+8ftARLOMJNxCjjHQ8KTEmEm5JIijsxxzD0KG57we3Ub48wF4RFD3IcYyeEg4j4BEGpJFc/8924FJze2D6HKA16VRsxYaMhmaRl63xU5q6lxDIJehcTVy+aFXMGY5lYGSmCDA1X/7L7DCUhjiSiUIiuZcbSSSGXBFE8KdiJwDFEARzgrqIRDLFw0tlTE+NEKX3DZ1xVJI2Z+nsihaEQ49BTnSGUQ7HoTcX/vG4i/ZqTkihOJI7QfJGfUEMyY5qQ0SccI0nHikDEibrVQEOo4pEqx4IKwVp8eZm0qhXrqmLeXxbrtSyOPDgCx6AELHAN6uAONEATIPAInsEreNOetBftXfuYt+a0bOYQ/IH2+QO9QJ1U</latexit>

fp(k) =
k2 cos�

�1/v � r1k2 � ik3

In the p-wave case，
<latexit sha1_base64="gfBejkAyNM2iDO36/ztL9xtbSnY=">AAACDnicbVDLSsNAFJ3UV62vqks3wVKoSGtSRbsRCm5cVrAPaNowmUzbIZNMmLkplNIvcOOvuHGhiFvX7vwbp4+FVg9cOJxzL/fe48WcKbCsLyO1srq2vpHezGxt7+zuZfcPGkokktA6EVzIlocV5SyidWDAaSuWFIcep00vuJn6zSGVionoHkYx7YS4H7EeIxi05GbzQffcIQIcn3LAblwITq6L9tmwKF076JZPHeILUG42Z5WsGcy/xF6QHFqg5mY/HV+QJKQREI6VattWDJ0xlsAIp5OMkygaYxLgPm1rGuGQqs549s7EzGvFN3tC6orAnKk/J8Y4VGoUerozxDBQy95U/M9rJ9CrdMYsihOgEZkv6iXcBGFOszF9JikBPtIEE8n0rSYZYIkJ6AQzOgR7+eW/pFEu2Zel8t1FrlpZxJFGR+gYFZCNrlAV3aIaqiOCHtATekGvxqPxbLwZ7/PWlLGYOUS/YHx8A+Ssmrc=</latexit>

k3 cot �p(k) = �1/v � r1k
2 + · · ·

The p-wave effective range is more important than the unitary term ik3.



Let us sketch an explicit proof of r1>0. Consider the radial Schrödinger equation with :ℓ = 1
<latexit sha1_base64="GWUvt5fuCaDFx+EmtrJFDsc7v/U="></latexit>
� d2

dr2
+

2

r2
+

m

~2 v(r)
�
�(r) ⌘ L̂�(r) = k2�(r)

Here . Now the wave function  can be expanded in energy as k2 = mE/ℏ2 χ(r)
<latexit sha1_base64="Dp0NZJ/PpGb3odABvJLYeTjKiE0=">AAACBXicbVDLSsNAFJ34rPUVdamLYBEqhZIUqd0IBTcuK9gHNDFMJpN26GQmzEyEErpx46+4caGIW//BnX/jtM1CWw9cOHPOvcy9J0gokcq2v42V1bX1jc3CVnF7Z3dv3zw47EieCoTbiFMuegGUmBKG24ooinuJwDAOKO4Go+up333AQhLO7tQ4wV4MB4xEBEGlJd88cdGQlMX5VerbldF9LfUd/aq4KORK+mbJrtozWMvEyUkJ5Gj55pcbcpTGmClEoZR9x06Ul0GhCKJ4UnRTiROIRnCA+5oyGGPpZbMrJtaZVkIr4kIXU9ZM/T2RwVjKcRzozhiqoVz0puJ/Xj9VUcPLCEtShRmafxSl1FLcmkZihURgpOhYE4gE0btaaAgFREoHV9QhOIsnL5NOrerUq/Xbi1KzkcdRAMfgFJSBAy5BE9yAFmgDBB7BM3gFb8aT8WK8Gx/z1hUjnzkCf2B8/gDogpbq</latexit>

�(r) = u0 + k2u1(r) + · · ·

And the Schrödinger equation can be written as:
<latexit sha1_base64="wUaRIrLexIB/FKYDRQFtp0uQdI4=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhaLq5KI1G4KBTcuXFSwD2hCmEwn7dDJJMxMhBK6dOOvuHGhiFs/wZ1/47QNoq0HLpw5517m3hMkjEpl219GYWV1bX2juGlube/s7ln7B20ZpwKTFo5ZLLoBkoRRTlqKKka6iSAoChjpBKOrqd+5J0LSmN+pcUK8CA04DSlGSku+dewOkcpuJqlvl+u265o/b6dc16JvleyKPQNcJk5OSiBH07c+3X6M04hwhRmSsufYifIyJBTFjExMN5UkQXiEBqSnKUcRkV42O2QCT7XSh2EsdHEFZ+rviQxFUo6jQHdGSA3lojcV//N6qQprXkZ5kirC8fyjMGVQxXCaCuxTQbBiY00QFlTvCvEQCYSVzs7UITiLJy+T9nnFqVaqtxelRi2PowiOwAk4Aw64BA1wDZqgBTB4AE/gBbwaj8az8Wa8z1sLRj5zCP7A+PgGjY+YYQ==</latexit>

L̂u0 = 0

L̂u1 = u0

Let us define the Green function  as: . Now if we take  and  
to be the regular and irregular solution of the homogeneous equation at , then

G(r, r′￼) L̂G(r, r′￼) = δ(r − r′￼) u0(r) v0(r)
r = 0

<latexit sha1_base64="iQxwS8Gq4u1dyN3HJNaGg0qyZ3k=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WagpREpHYjFFzosoJ9QBvDZDJth04mYWYilNCtG3/FjQtF3PoH7vwbp20W2nrgcg/n3MvMPX7MqFS2/W3kVlbX1jfym4Wt7Z3dPXP/oCWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3Q19dsPREga8Ts1jokbogGnfYqR0pJnwsRzLFG+7FGuPPteXFviVJTKiWdbugWi5JlFu2LPAJeJk5EiyNDwzK9eEOEkJFxhhqTsOnas3BQJRTEjk0IvkSRGeIQGpKspRyGRbjq7ZAJPtBLAfiR0cQVn6u+NFIVSjkNfT4ZIDeWiNxX/87qJ6tfclPI4UYTj+UP9hEEVwWksMKCCYMXGmiAsqP4rxEMkEFY6vIIOwVk8eZm0zipOtVK9PS/Wa1kceXAEjoEFHHAB6uAGNEATYPAInsEreDOejBfj3fiYj+aMbOcQ/IHx+QOS+pex</latexit>

u1(r) =

Z r

0
G(r, r0)u0(r

0)dr0

<latexit sha1_base64="E80WR8DYtnPXMuJ/pw1l+3k0Syw="></latexit>

G(r, r0) =
1

W
⇥(r � r0)u0(r)v0(r

0)� v0(r)u0(r
0))

W is the Wronskian (constant).

Proof of r1 > 0



Using this form of Green function, one can write down the wave function  asχ(r)
<latexit sha1_base64="mx3piVE2P4CRFKeGhIRQ+fvclQg="></latexit>

�(r) = u0(r) +
k2

W

Z r

0
dr0[u0(r)v0(r

0)� v0(r)u0(r
0)]u0(r

0)

Let us consider a point  for which , where  is the average inter-particle distance, 
then the wave function can be written in terms of asymptotic wave functions

rc r0 ≪ rc ≪ d d

<latexit sha1_base64="5r6X+sa3tedNKidbDUXLhX8Z36k=">AAACEnicbVDLSsNAFJ34rPUVdelmsAjJwpKI1G6EghuXFewDmhImk0k7dvJg5kYopd/gxl9x40IRt67c+TdOHwttPXC5h3PuZeaeIBNcgeN8Gyura+sbm4Wt4vbO7t6+eXDYVGkuKWvQVKSyHRDFBE9YAzgI1s4kI3EgWCsYXE/81gOTiqfJHQwz1o1JL+ERpwS05Ju2R/vckvaVtDyaghcyAcTPrIF977vWQNpnw1m3fbPklJ0p8DJx56SE5qj75pcXpjSPWQJUEKU6rpNBd0QkcCrYuOjlimWEDkiPdTRNSMxUdzQ9aYxPtRLiKJW6EsBT9ffGiMRKDeNAT8YE+mrRm4j/eZ0comp3xJMsB5bQ2UNRLjCkeJIPDrlkFMRQE0Il13/FtE8koaBTLOoQ3MWTl0nzvOxWypXbi1KtOo+jgI7RCbKQiy5RDd2gOmogih7RM3pFb8aT8WK8Gx+z0RVjvnOE/sD4/AHxapu4</latexit>

�(r) = r(cot �p(k)j1(kr)� y1(kr))

Here  is the p-wave scattering phase shiftδp(k)
<latexit sha1_base64="LZRkln3QhwXwIfFC3d/l8rMgp/A=">AAACFnicbVDLSsNAFJ34rPVVdekmWARFWpIqtRuh4MZlBfuApobJZFKHTDJh5qZQQr/Cjb/ixoUibsWdf+P0sdDWAxcO59zLvfd4CWcKLOvbWFpeWV1bz23kN7e2d3YLe/stJVJJaJMILmTHw4pyFtMmMOC0k0iKI4/Tthdej/32gErFRHwHw4T2ItyPWcAIBi25hVJ4f+4QAY5POWA3OQlPr0pOIDHJ7FE2GJWka4f3lTOH+AKUWyhaZWsCc5HYM1JEMzTcwpfjC5JGNAbCsVJd20qgl2EJjHA6yjupogkmIe7TrqYxjqjqZZO3RuaxVnwzEFJXDOZE/T2R4UipYeTpzgjDg5r3xuJ/XjeFoNbLWJykQGMyXRSk3ARhjjMyfSYpAT7UBBPJ9K0mecA6E9BJ5nUI9vzLi6RVKdvVcvX2olivzeLIoUN0hE6QjS5RHd2gBmoigh7RM3pFb8aT8WK8Gx/T1iVjNnOA/sD4/AE2ep7E</latexit>

k3 cot �p(k) = �1

v
� r1k

2 + · · ·

By equating the logarithm derivative of  at , one finds the equationχ(r) rc
<latexit sha1_base64="4RYbeNV/7qGPhZTcc2cgpwyGiro="></latexit>

r1 =

Z rc

0
u0(r

0)2dr0 +
r2c
3v

+
1

rc
� r5c

45v2

This is always large than zero close to resonance when .v → ± ∞

Proof of r1 > 0



We can establish the relation between the short-range potential and the low-energy scattering 
parameters, . Consider two nearly identical potential , the SEs 
are:

(v, r1) v±(r) = v(r) ± δv(r)/2
<latexit sha1_base64="HO8IgY7LAQpCsze9tm7pcWWxDWk="></latexit>✓
�~2
m

d2

dr2
+ v±(r) +

2~2
mr2

◆
�±(r) =

~2k2±
m

�±(r)

The wave functions in the range  take the form:r ∼ rc
<latexit sha1_base64="RpeY989FramKUuJ9eEbZyUZqv0g="></latexit>

�±(r) =

✓
1

r
� r2

3v±

◆
+ k2±

✓
r

2
� r2

3
r1 +

r4

30v±

◆
+ · · ·

By the usual trick, and expand to  and , then we havek2
± δv(r)

<latexit sha1_base64="WfbTfx3RXKfb5dsR4FhC2ZGyRC4="></latexit>

��(1/v)� (k2+ + k2�)/2�r1 =
m

~2

Z 1

0
dr�v(r)�+(r)��(r)

This allows for the following identities:
<latexit sha1_base64="qj+vCBd7F3H+Sm5qfg5nETdgjiU="></latexit>

�v�1 = �m

~2

Z 1

0
dr �v(r)|u0(r)|2,

�r1 = �2m

~2

Z 1

0
dr �v(r)u0(r)u1(r),

Relation of  to inter-atomic potential(v, r1)



Due to the separation of length scales , the short-range correlation can be approximated 
by that of the two-body correlation. Formally, this means that the two-body density matrix can 
be written as 

d ≫ r0

<latexit sha1_base64="oDFDYPTWCSIs9M7lCI5OgNWwKIc=">AAACXHicfZHNS8MwGMbTOnUfTqeCFy/BIUyR0Q6ZuwgDLx4nuA9YZ0mzdA1L05Kkwij7J73t4r+i2VZBt+ELgV+e531J8sSLGZXKshaGuZfbPzjMF4qlo/LxSeX0rCejRGDSxRGLxMBDkjDKSVdRxcggFgSFHiN9b/q09PvvREga8Vc1i8koRBNOfYqR0pJbkY4IIrdRSx3Ph2Lu2nc/1Lh5dGQSug5icYAgz8CJA/p2m212ji07/vPrbqVq1a1VwW2wM6iCrDpu5cMZRzgJCVeYISmHthWrUYqEopiRedFJJIkRnqIJGWrkKCRylK7CmcNrrYyhHwm9uIIr9fdEikIpZ6GnO0OkArnpLcVd3jBRfmuUUh4ninC8PshPGFQRXCYNx1QQrNhMA8KC6rtCHCCBsNL/UdQh2JtP3oZeo243682X+2q7lcWRB5fgCtSADR5AGzyDDugCDBbgy8gbBePTzJkls7xuNY1s5hz8KfPiGz9Ds8Q=</latexit>

⇢2(r1, r2) =
X

↵

n↵�
⇤
↵(r1, r2)�↵(r1, r2).

With  etc being the eigenfunction and  eigenvalues. Importantly,  must have the 
same form as two-body physics in the range . That is, in the short-range, we can write

ϕα(r) nα ϕα(r)
r ≤ r0

<latexit sha1_base64="fNCXx7cmE7ZBe2dKkaU1EcYd6U8="></latexit>

'j`=1(r) =

Z 1

0
dkajk�k(r) + aj�(r),

<latexit sha1_base64="UwiLLvQm6eXY+6XI1NSx3HOPWB4="></latexit>

�↵=(P,j,`,m)(r1, r2) =
1p
⌦r

exp(iP ·R)'j`(r)Y`m(r̂),

Universal relations

These relations allows for a straightforward derivation of several universal relations. For 
example, let us consider the interaction energy in a many-body system. Recall that the 
potential  is a short-range function. It can be written asv(r)

<latexit sha1_base64="3Vck0noHuVnBoBkyjrLzORLKFIU="></latexit>

hvi = 1

2

X

m

h
C(m)

v

Z
drv(r)|u0(r)|2 + C(m)

R

Z
drv(r)u0(r)u1(r)

i

<latexit sha1_base64="OdwV6y/SUzQ5ZX1hI/KL8GNL0Pk="></latexit>

hvi = 1

2

Z
dr1dr2v(|r1 � r2|)⇢2(r1 � r2)



We have defined the so-called contact parameters
<latexit sha1_base64="HY6Dppf2lsEaBlryM90wZZujuLU="></latexit>

C(m)
v =

X

P,j

nP,j,m(

Z
dkajk)

2,

C(m)
R =

1

2

X

P,j

nP,j,m

Z
dk

Z
dk0ajkajk0(k2 + k02).

We note that clearly . Consider a small change of interaction potential , or 
more explicitly , then by using Hellmann-Feynman theorem,

C(m)
v > 0 δv(r)

(dv/dλ)dλ
<latexit sha1_base64="D+iN3JRCaKdrn1lmcv0X2Ht7wnM=">AAACKnicbVDLSgMxFM3UV62vqks3wSK4KjMi1Y1QEcGlglWhU0omc6cNzWSG5I5Qhn6PG3/FTRdKceuHmNZZVOuFwMl5kNwTpFIYdN2JU1paXlldK69XNja3tnequ3sPJsk0hxZPZKKfAmZACgUtFCjhKdXA4kDCYzC4muqPz6CNSNQ9DlPoxKynRCQ4Q0t1q5d+pBnPw+tRHvrS5kI2uvAlRGhvqieh0OnznMHXotdHX88M3WrNrbuzoYvAK0CNFHPbrY79MOFZDAq5ZMa0PTfFTs40Ci5hVPEzAynjA9aDtoWKxWA6+WzVET2yTEijRNujkM7Y+UTOYmOGcWCdMcO++atNyf+0dobReScXKs0QFP95KMokxYROe6Oh0MBRDi1gXAv7V8r7zHaDtt2KLcH7u/IieDipe4164+601jwv6iiTA3JIjolHzkiT3JBb0iKcvJA38k4+nFdn7Eyczx9rySky++TXOF/fw6qpTQ==</latexit>

dE

d�
=

⌧
dv

d�

�

This again can be expressed in terms of 
<latexit sha1_base64="7KFhAQ+RX1j08RMAX/9xYZd7QrE="></latexit>⌧
dv(r)

d�

�
=

1

2

X

m


C(m)

v

Z
dr

dv(r)

d�
|u0(r)|2 + C(m)

R

Z
dr

dv(r)

d�
u0(r)u1(r)

�

Universal relations

Using the relations between 
,  and , one finds 

the adiabatic relations.
δv−1 δr1 δv(r)

<latexit sha1_base64="qj+vCBd7F3H+Sm5qfg5nETdgjiU="></latexit>

�v�1 = �m

~2

Z 1

0
dr �v(r)|u0(r)|2,

�r1 = �2m

~2

Z 1

0
dr �v(r)u0(r)u1(r),



Adiabatic relations:
<latexit sha1_base64="hcrMbAd8KfNxjaMKFqMHGLcaaDg="></latexit>

dE

dv�1

����
r1

= �~2
m

X
C(m)

v

<latexit sha1_base64="Ir4u5U2RLrlNA9JT8FENXIfxnXs="></latexit>

dE

dr1

����
r1

= �~2
m

X
C(m)

R

Simple example of two-body bound state (say for  component, pole of  )m = 0 fp(k)
<latexit sha1_base64="zI+i6AsJmgP1N3f83h/utyMVSN8=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBjSUpUrsRCiK4rGAf0MQwmU7aoZNJmJkUSgi48VfcuFDErT/hzr9x2mahrQcuHM65l3vv8WNGpbKsb6Owsrq2vlHcLG1t7+zumfsHbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o+up3xkTIWnE79UkJm6IBpwGFCOlJc88urk6dwKBcOoMfSQeqlkawjEUnp15ZtmqWDPAZWLnpAxyND3zy+lHOAkJV5ghKXu2FSs3RUJRzEhWchJJYoRHaEB6mnIUEummsx8yeKqVPgwioYsrOFN/T6QolHIS+rozRGooF72p+J/XS1RQd1PK40QRjueLgoRBFcFpILBPBcGKTTRBWFB9K8RDpBNROraSDsFefHmZtKsVu1ap3V2UG/U8jiI4BifgDNjgEjTALWiCFsDgETyDV/BmPBkvxrvxMW8tGPnMIfgD4/MHxrWW9Q==</latexit>

E = � ~2
mvr1

This gives the two-body contact parameters
<latexit sha1_base64="xHrOpit2/V2Bi44tSHf1W1nHYy8=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwoSUpUrspFLpxWcU+oI1hMp20QycPZiaFEuJHuPFX3LhQxK3gzr9xmgbR1gMXDufcy733OCGjQhrGl5ZbWV1b38hvFra2d3b39P2DtggijkkLByzgXQcJwqhPWpJKRrohJ8hzGOk448bM70wIFzTwb+U0JJaHhj51KUZSSbZ+1rAntb7LEY7NJOa2mdynaNg3tfMffaKMu3Ji60WjZKSAy8TMSBFkaNr6Z38Q4MgjvsQMCdEzjVBaMeKSYkaSQj8SJER4jIakp6iPPCKsOP0qgSdKGUA34Kp8CVP190SMPCGmnqM6PSRHYtGbif95vUi6VSumfhhJ4uP5IjdiUAZwFhEcUE6wZFNFEOZU3QrxCKkopAqyoEIwF19eJu1yyayUKtcXxXo1iyMPjsAxOAUmuAR1cAWaoAUweABP4AW8ao/as/amvc9bc1o2cwj+QPv4Bu0Gn0c=</latexit>
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1
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vr21

As long as one can describe the p-wave system by two parameters , those universal 
relations are quite independent of the exact model for the microscopic interaction. [Yoshida 
and Ueda, PRL 2015, Yu, Thywissen and Zhang, PRL 2015, He, Zhang, Chan and Zhou, PRL 
2016.]

(v, r1)

Universal relations

This is consistent with the direct analysis of the two-body wave function 
.ψ(r) = 1/r1(1/r2 + κ /r)exp(−κr)Yℓ=1m( ̂r)



Two-Body Bound State
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r1 > 0



Inter-atomic potential
In ultra cold atomic systems, the inter-atomic potential  generally consists of a short-
range repulsive core and long range attractive van der Waals tail.
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C6 (VdW) r0 vb
6Li 1389 64.7aB 123.2 MHz

40K 3897 129aB 5.0 MHz

[JILA, ENS, MIT, ETH, Osaka, 
Swinburne; Rice, PSU, 
Toronto: PRR 3 033269 (2021)]

With VdW, the p-wave effective range 
expansion is generally not correct (Zhang, 
Pascal and Ueda, 2010; Gao, 2011).



One needs to simplify the actual interaction while retaining the same low-energy scattering 
properties.
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The inter-atomic potential can be decomposed in angular momentum channels

vkk0 =
X

`

(2`+ 1)v(`)kk0p`(cos ✓)
<latexit sha1_base64="/DLIGyTT+M7lzdUYmfDzux+apAA="></latexit><latexit sha1_base64="/DLIGyTT+M7lzdUYmfDzux+apAA="></latexit><latexit sha1_base64="/DLIGyTT+M7lzdUYmfDzux+apAA="></latexit><latexit sha1_base64="/DLIGyTT+M7lzdUYmfDzux+apAA="></latexit>

Focus only on the p-wave channel, we have

v`=1
kk0 =

Z
drj1(kr)v(r)j1(k

0r)r2dr
<latexit sha1_base64="j2SEF9VasbHlI62MG08fYz09c3A=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyzSdlMmRdBNoejGZQV7gV6GTCbTxslcSDKFMsxzuPFV3LhQxJ248W1MLwtt/SHw8Z9zyDm/E3MmlWV9G2vrG5tb27md/O7e/sGheXTcklEiCG2SiEei42BJOQtpUzHFaScWFAcOp23Hv5nW22MqJIvCezWJaT/Aw5B5jGClLdtE40Hao5zXUGanvl/Maj0WKugK+GCjki/K45Ioz7AoymJQdYVtFqyKNRNcBbSAAlioYZufPTciSUBDRTiWsousWPVTLBQjnGb5XiJpjImPh7SrMcQBlf10dloGz7XjQi8S+um9Zu7viRQHUk4CR3cGWI3kcm1q/lfrJsq76qcsjBNFQzL/yEs4VBGc5gRdJihRfKIBE8H0rpCMsMBE6TTzOgS0fPIqtKoVZFXQ3UWhfr2IIwdOwRkoAQQuQR3cggZoAgIewTN4BW/Gk/FivBsf89Y1YzFzAv7I+PoBhWifPg==</latexit><latexit sha1_base64="j2SEF9VasbHlI62MG08fYz09c3A=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyzSdlMmRdBNoejGZQV7gV6GTCbTxslcSDKFMsxzuPFV3LhQxJ248W1MLwtt/SHw8Z9zyDm/E3MmlWV9G2vrG5tb27md/O7e/sGheXTcklEiCG2SiEei42BJOQtpUzHFaScWFAcOp23Hv5nW22MqJIvCezWJaT/Aw5B5jGClLdtE40Hao5zXUGanvl/Maj0WKugK+GCjki/K45Ioz7AoymJQdYVtFqyKNRNcBbSAAlioYZufPTciSUBDRTiWsousWPVTLBQjnGb5XiJpjImPh7SrMcQBlf10dloGz7XjQi8S+um9Zu7viRQHUk4CR3cGWI3kcm1q/lfrJsq76qcsjBNFQzL/yEs4VBGc5gRdJihRfKIBE8H0rpCMsMBE6TTzOgS0fPIqtKoVZFXQ3UWhfr2IIwdOwRkoAQQuQR3cggZoAgIewTN4BW/Gk/FivBsf89Y1YzFzAv7I+PoBhWifPg==</latexit><latexit sha1_base64="j2SEF9VasbHlI62MG08fYz09c3A=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyzSdlMmRdBNoejGZQV7gV6GTCbTxslcSDKFMsxzuPFV3LhQxJ248W1MLwtt/SHw8Z9zyDm/E3MmlWV9G2vrG5tb27md/O7e/sGheXTcklEiCG2SiEei42BJOQtpUzHFaScWFAcOp23Hv5nW22MqJIvCezWJaT/Aw5B5jGClLdtE40Hao5zXUGanvl/Maj0WKugK+GCjki/K45Ioz7AoymJQdYVtFqyKNRNcBbSAAlioYZufPTciSUBDRTiWsousWPVTLBQjnGb5XiJpjImPh7SrMcQBlf10dloGz7XjQi8S+um9Zu7viRQHUk4CR3cGWI3kcm1q/lfrJsq76qcsjBNFQzL/yEs4VBGc5gRdJihRfKIBE8H0rpCMsMBE6TTzOgS0fPIqtKoVZFXQ3UWhfr2IIwdOwRkoAQQuQR3cggZoAgIewTN4BW/Gk/FivBsf89Y1YzFzAv7I+PoBhWifPg==</latexit><latexit sha1_base64="j2SEF9VasbHlI62MG08fYz09c3A=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyzSdlMmRdBNoejGZQV7gV6GTCbTxslcSDKFMsxzuPFV3LhQxJ248W1MLwtt/SHw8Z9zyDm/E3MmlWV9G2vrG5tb27md/O7e/sGheXTcklEiCG2SiEei42BJOQtpUzHFaScWFAcOp23Hv5nW22MqJIvCezWJaT/Aw5B5jGClLdtE40Hao5zXUGanvl/Maj0WKugK+GCjki/K45Ioz7AoymJQdYVtFqyKNRNcBbSAAlioYZufPTciSUBDRTiWsousWPVTLBQjnGb5XiJpjImPh7SrMcQBlf10dloGz7XjQi8S+um9Zu7viRQHUk4CR3cGWI3kcm1q/lfrJsq76qcsjBNFQzL/yEs4VBGc5gRdJihRfKIBE8H0rpCMsMBE6TTzOgS0fPIqtKoVZFXQ3UWhfr2IIwdOwRkoAQQuQR3cggZoAgIewTN4BW/Gk/FivBsf89Y1YzFzAv7I+PoBhWifPg==</latexit>

Its structure as a function of  can be 
determined when either of them is small.

k, k′￼

When ,k ≪ 1/r0 j1(kr) ⇠ kr
<latexit sha1_base64="ZEEtncj/3v5yHGWK1oV/mEUcc2s=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Zsmm3jJtklySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo5TRWiTxDxWnQBrypmkTcMMp51EUSwCTttBdD31249UaRbLOzNOqC/wULKQEWysdP/Q96qROu1pJlCk+uWKW3NnQMvEy0kFcjT65a/eICapoNIQjrXuem5i/Awrwwink1Iv1TTBJMJD2rVUYkG1n82unqATqwxQGCtb0qCZ+nsiw0LrsQhsp8BmpBe9qfif101NeOlnTCapoZLMF4UpRyZG0wjQgClKDB9bgoli9lZERlhhYmxQJRuCt/jyMmmd1Ty35t2eV+pXeRxFOIJjqIIHF1CHG2hAEwgoeIZXeHOenBfn3fmYtxacfOYQ/sD5/AFxKJHQ</latexit><latexit sha1_base64="ZEEtncj/3v5yHGWK1oV/mEUcc2s=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Zsmm3jJtklySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo5TRWiTxDxWnQBrypmkTcMMp51EUSwCTttBdD31249UaRbLOzNOqC/wULKQEWysdP/Q96qROu1pJlCk+uWKW3NnQMvEy0kFcjT65a/eICapoNIQjrXuem5i/Awrwwink1Iv1TTBJMJD2rVUYkG1n82unqATqwxQGCtb0qCZ+nsiw0LrsQhsp8BmpBe9qfif101NeOlnTCapoZLMF4UpRyZG0wjQgClKDB9bgoli9lZERlhhYmxQJRuCt/jyMmmd1Ty35t2eV+pXeRxFOIJjqIIHF1CHG2hAEwgoeIZXeHOenBfn3fmYtxacfOYQ/sD5/AFxKJHQ</latexit><latexit sha1_base64="ZEEtncj/3v5yHGWK1oV/mEUcc2s=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Zsmm3jJtklySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo5TRWiTxDxWnQBrypmkTcMMp51EUSwCTttBdD31249UaRbLOzNOqC/wULKQEWysdP/Q96qROu1pJlCk+uWKW3NnQMvEy0kFcjT65a/eICapoNIQjrXuem5i/Awrwwink1Iv1TTBJMJD2rVUYkG1n82unqATqwxQGCtb0qCZ+nsiw0LrsQhsp8BmpBe9qfif101NeOlnTCapoZLMF4UpRyZG0wjQgClKDB9bgoli9lZERlhhYmxQJRuCt/jyMmmd1Ty35t2eV+pXeRxFOIJjqIIHF1CHG2hAEwgoeIZXeHOenBfn3fmYtxacfOYQ/sD5/AFxKJHQ</latexit><latexit sha1_base64="ZEEtncj/3v5yHGWK1oV/mEUcc2s=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Zsmm3jJtklySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo5TRWiTxDxWnQBrypmkTcMMp51EUSwCTttBdD31249UaRbLOzNOqC/wULKQEWysdP/Q96qROu1pJlCk+uWKW3NnQMvEy0kFcjT65a/eICapoNIQjrXuem5i/Awrwwink1Iv1TTBJMJD2rVUYkG1n82unqATqwxQGCtb0qCZ+nsiw0LrsQhsp8BmpBe9qfif101NeOlnTCapoZLMF4UpRyZG0wjQgClKDB9bgoli9lZERlhhYmxQJRuCt/jyMmmd1Ty35t2eV+pXeRxFOIJjqIIHF1CHG2hAEwgoeIZXeHOenBfn3fmYtxacfOYQ/sD5/AFxKJHQ</latexit>

v`=1
kk0 = kk0g(k)g(k0)

<latexit sha1_base64="WPyEQ/VzK6GalDCOmfwJVx65/5I=">AAACBnicbVDLSsNAFJ34rPUVdSnCYJG2m5KIoJtC0Y3LCvYBbQyT6aQdMpmEmUmhhKzc+CtuXCji1m9w5984bbPQ1gN3OJxzL3fu8WJGpbKsb2NldW19Y7OwVdze2d3bNw8O2zJKBCYtHLFIdD0kCaOctBRVjHRjQVDoMdLxgpup3xkTIWnE79UkJk6Ihpz6FCOlJdc8GT+kfcJY3c7cNAjKWV0/w0pQ1VWuumbJqlkzwGVi56QEcjRd86s/iHASEq4wQ1L2bCtWToqEopiRrNhPJIkRDtCQ9DTlKCTSSWdnZPBMKwPoR0IXV3Cm/p5IUSjlJPR0Z4jUSC56U/E/r5co/8pJKY8TRTieL/ITBlUEp5nAARUEKzbRBGFB9V8hHiGBsNLJFXUI9uLJy6R9XrOtmn13UWpc53EUwDE4BRVgg0vQALegCVoAg0fwDF7Bm/FkvBjvxse8dcXIZ47AHxifPynfl5s=</latexit><latexit sha1_base64="WPyEQ/VzK6GalDCOmfwJVx65/5I=">AAACBnicbVDLSsNAFJ34rPUVdSnCYJG2m5KIoJtC0Y3LCvYBbQyT6aQdMpmEmUmhhKzc+CtuXCji1m9w5984bbPQ1gN3OJxzL3fu8WJGpbKsb2NldW19Y7OwVdze2d3bNw8O2zJKBCYtHLFIdD0kCaOctBRVjHRjQVDoMdLxgpup3xkTIWnE79UkJk6Ihpz6FCOlJdc8GT+kfcJY3c7cNAjKWV0/w0pQ1VWuumbJqlkzwGVi56QEcjRd86s/iHASEq4wQ1L2bCtWToqEopiRrNhPJIkRDtCQ9DTlKCTSSWdnZPBMKwPoR0IXV3Cm/p5IUSjlJPR0Z4jUSC56U/E/r5co/8pJKY8TRTieL/ITBlUEp5nAARUEKzbRBGFB9V8hHiGBsNLJFXUI9uLJy6R9XrOtmn13UWpc53EUwDE4BRVgg0vQALegCVoAg0fwDF7Bm/FkvBjvxse8dcXIZ47AHxifPynfl5s=</latexit><latexit sha1_base64="WPyEQ/VzK6GalDCOmfwJVx65/5I=">AAACBnicbVDLSsNAFJ34rPUVdSnCYJG2m5KIoJtC0Y3LCvYBbQyT6aQdMpmEmUmhhKzc+CtuXCji1m9w5984bbPQ1gN3OJxzL3fu8WJGpbKsb2NldW19Y7OwVdze2d3bNw8O2zJKBCYtHLFIdD0kCaOctBRVjHRjQVDoMdLxgpup3xkTIWnE79UkJk6Ihpz6FCOlJdc8GT+kfcJY3c7cNAjKWV0/w0pQ1VWuumbJqlkzwGVi56QEcjRd86s/iHASEq4wQ1L2bCtWToqEopiRrNhPJIkRDtCQ9DTlKCTSSWdnZPBMKwPoR0IXV3Cm/p5IUSjlJPR0Z4jUSC56U/E/r5co/8pJKY8TRTieL/ITBlUEp5nAARUEKzbRBGFB9V8hHiGBsNLJFXUI9uLJy6R9XrOtmn13UWpc53EUwDE4BRVgg0vQALegCVoAg0fwDF7Bm/FkvBjvxse8dcXIZ47AHxifPynfl5s=</latexit><latexit sha1_base64="WPyEQ/VzK6GalDCOmfwJVx65/5I=">AAACBnicbVDLSsNAFJ34rPUVdSnCYJG2m5KIoJtC0Y3LCvYBbQyT6aQdMpmEmUmhhKzc+CtuXCji1m9w5984bbPQ1gN3OJxzL3fu8WJGpbKsb2NldW19Y7OwVdze2d3bNw8O2zJKBCYtHLFIdD0kCaOctBRVjHRjQVDoMdLxgpup3xkTIWnE79UkJk6Ihpz6FCOlJdc8GT+kfcJY3c7cNAjKWV0/w0pQ1VWuumbJqlkzwGVi56QEcjRd86s/iHASEq4wQ1L2bCtWToqEopiRrNhPJIkRDtCQ9DTlKCTSSWdnZPBMKwPoR0IXV3Cm/p5IUSjlJPR0Z4jUSC56U/E/r5co/8pJKY8TRTieL/ITBlUEp5nAARUEKzbRBGFB9V8hHiGBsNLJFXUI9uLJy6R9XrOtmn13UWpc53EUwDE4BRVgg0vQALegCVoAg0fwDF7Bm/FkvBjvxse8dcXIZ47AHxifPynfl5s=</latexit>

v`=1
kk0 = kḡ(k0)

<latexit sha1_base64="t5labIs6f7u4tg2FouOVfjTrisg=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVaNyWpgt0UCm5cVrAPaGKYTCftkMkkzEwKJWTlxl9x40IRt36DO//GaZuFth64cDjnXu69x4spEdI0v7XC2vrG5lZxu7Szu7d/oB8edUWUcIQ7KKIR73tQYEoY7kgiKe7HHMPQo7jnBTczvzfBXJCI3ctpjJ0QjhjxCYJSSa5+OnlIbUxp08rcNAgqWTOwPcjTUVYNKheuXjZr5hzGKrFyUgY52q7+ZQ8jlISYSUShEAPLjKWTQi4Jojgr2YnAMUQBHOGBogyGWDjp/I3MOFfK0PAjropJY67+nkhhKMQ09FRnCOVYLHsz8T9vkEi/4aSExYnEDC0W+Qk1ZGTMMjGGhGMk6VQRiDhRtxpoDDlEUiVXUiFYyy+vkm69Zl3W6ndX5VYjj6MITsAZqAILXIMWuAVt0AEIPIJn8AretCftRXvXPhatBS2fOQZ/oH3+AG7LmGk=</latexit>

k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

k0
<latexit sha1_base64="aRqO9Y9gIg6+JknB1z/6M70H0Z0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq1hbaUDbbTbtkswm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g6im6nffuLaiEQ94DjlfkyHSoSCUbTSfXTar9bcujsDWSZeQWpQoNmvfvUGCctirpBJakzXc1P0c6pRMMknlV5meEpZRIe8a6miMTd+Prt0Qk6sMiBhom0pJDP190ROY2PGcWA7Y4ojs+hNxf+8bobhlZ8LlWbIFZsvCjNJMCHTt8lAaM5Qji2hTAt7K2EjqilDG07FhuAtvrxMHs/rnlv37i5qjesijjIcwTGcgQeX0IBbaEILGITwDK/w5kTOi/PufMxbS04xcwh/4Hz+ADL/jSA=</latexit><latexit sha1_base64="aRqO9Y9gIg6+JknB1z/6M70H0Z0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq1hbaUDbbTbtkswm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g6im6nffuLaiEQ94DjlfkyHSoSCUbTSfXTar9bcujsDWSZeQWpQoNmvfvUGCctirpBJakzXc1P0c6pRMMknlV5meEpZRIe8a6miMTd+Prt0Qk6sMiBhom0pJDP190ROY2PGcWA7Y4ojs+hNxf+8bobhlZ8LlWbIFZsvCjNJMCHTt8lAaM5Qji2hTAt7K2EjqilDG07FhuAtvrxMHs/rnlv37i5qjesijjIcwTGcgQeX0IBbaEILGITwDK/w5kTOi/PufMxbS04xcwh/4Hz+ADL/jSA=</latexit><latexit sha1_base64="aRqO9Y9gIg6+JknB1z/6M70H0Z0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq1hbaUDbbTbtkswm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g6im6nffuLaiEQ94DjlfkyHSoSCUbTSfXTar9bcujsDWSZeQWpQoNmvfvUGCctirpBJakzXc1P0c6pRMMknlV5meEpZRIe8a6miMTd+Prt0Qk6sMiBhom0pJDP190ROY2PGcWA7Y4ojs+hNxf+8bobhlZ8LlWbIFZsvCjNJMCHTt8lAaM5Qji2hTAt7K2EjqilDG07FhuAtvrxMHs/rnlv37i5qjesijjIcwTGcgQeX0IBbaEILGITwDK/w5kTOi/PufMxbS04xcwh/4Hz+ADL/jSA=</latexit><latexit sha1_base64="aRqO9Y9gIg6+JknB1z/6M70H0Z0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq1hbaUDbbTbtkswm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g6im6nffuLaiEQ94DjlfkyHSoSCUbTSfXTar9bcujsDWSZeQWpQoNmvfvUGCctirpBJakzXc1P0c6pRMMknlV5meEpZRIe8a6miMTd+Prt0Qk6sMiBhom0pJDP190ROY2PGcWA7Y4ojs+hNxf+8bobhlZ8LlWbIFZsvCjNJMCHTt8lAaM5Qji2hTAt7K2EjqilDG07FhuAtvrxMHs/rnlv37i5qjesijjIcwTGcgQeX0IBbaEILGITwDK/w5kTOi/PufMxbS04xcwh/4Hz+ADL/jSA=</latexit>
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Inter-atomic potential: General consideration



Model Interaction
Thus, one possible choice of the effective potential is given by choosing

g(k) = c0 + c1k
2
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Neglecting the fourth order term in momentum, 

This leads to a different set of renormalization (perturbative) conditions:

g1 =
12⇡v

m
+

24v2

m

Z ⇤

0
dqq2
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g2 = �3⇡v2r1
m

+
12v2

m

Z ⇤

0
dq

For potential in the weak coupling limit (g1, g2 small), the expansion amounts to keeping 
terms of order ,  and . In the Fermi liquid calculation, we will retain up to  and  
(assuming  to be a constant). 

v v2 v2r1 v2 v2r1
r1

v`=1
kk0 = kk0[g1 + g2(k

2 + k02)]
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S-wave vs. P-wave
Renormalization condition is fixed by calculating the on-shell scattering amplitude. In s-
wave only up to energy independent term:

g =
4⇡as
m

� a2s
2⇡2m

Z
dq
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1

�a�1
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Consequence:  
(1) In the p-wave case, the renormalisation condition in general only guarantees the 

finiteness of on-shell scattering amplitude; 
(2) In the many-body calculation beyond mean field, off-shell scattering amplitudes are also 

needed  consistent calculation of off-shell properties then requires extra parameters 
other than  and  (quasi-particle residue!)

→
v r1

In the p-wave case, renormalisation needs to be done up to the effective range order
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fp(k) =
k2 cos�

�1/v � r1k2 � ik3

This guarantees the finiteness of off-shell scattering amplitude also (Fetter & Walecka).



S-wave vs. P-wave
To make concrete the last statement, we look at (half) off-shell scattering amplitude 

If , then we have the scattering amplitude given before. To analyse the structure of 
 when both  and  are small, we note
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Substitute in , we findfp(k′￼, k)
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The first term corresponds to the scattering volume , but later two terms cannot be expressed 
in terms of on-shell scattering parameter  alone. Needs more microscopic parameters! One 
consequence: quasi-particle residue cannot be expressed in terms of .

v
r1

v and r1



Fermi liquid properties
Using the  form of the interaction potential, one can compute the Landau Fermi 
liquid properties of a single component Fermi gas [Ding and Zhang, PRL 2019]
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Ground state energy:

Effective mass:

Bertaina,Tarallo and Pilati PRA 107, 053305 (2023)
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Note that the same logarithm singularity occurs when . The dimensionless Landau 
parameter

χ = π
F (cos�) = ⌫(0)f(cos�) =
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Exact Fermi liquid relations holds:

c21 = k2F(1 + F0)/(3mm⇤)
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In the limit when  vanishes, the contribution from effective range vanishes.r1

Landau function:

Fermi liquid properties



Collective excitations are quite different from s-wave case. 
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F (�) = F0 + F1 cos�
<latexit sha1_base64="F8F+YdM/SHTnx8tISUfLSuur7fw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFKIoJuhKJQXFawD2hCmEwn7dDJTJiZCCV046+4caGIWz/DnX/jpM1CqwcuHM65l3vvCRNGlXacL6u0tLyyulZer2xsbm3v2Lt7HSVSiUkbCyZkL0SKMMpJW1PNSC+RBMUhI91wfJP73QciFRX8Xk8S4sdoyGlEMdJGCuyDZs3DI3py1Qyc02bgelioXAjsqlN3ZoB/iVuQKijQCuxPbyBwGhOuMUNK9V0n0X6GpKaYkWnFSxVJEB6jIekbylFMlJ/NHpjCY6MMYCSkKa7hTP05kaFYqUkcms4Y6ZFa9HLxP6+f6ujSzyhPUk04ni+KUga1gHkacEAlwZpNDEFYUnMrxCMkEdYms4oJwV18+S/pnNVdp+7enVcb10UcZXAIjkANuOACNMAtaIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q1hJJT8</latexit><latexit sha1_base64="F8F+YdM/SHTnx8tISUfLSuur7fw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFKIoJuhKJQXFawD2hCmEwn7dDJTJiZCCV046+4caGIWz/DnX/jpM1CqwcuHM65l3vvCRNGlXacL6u0tLyyulZer2xsbm3v2Lt7HSVSiUkbCyZkL0SKMMpJW1PNSC+RBMUhI91wfJP73QciFRX8Xk8S4sdoyGlEMdJGCuyDZs3DI3py1Qyc02bgelioXAjsqlN3ZoB/iVuQKijQCuxPbyBwGhOuMUNK9V0n0X6GpKaYkWnFSxVJEB6jIekbylFMlJ/NHpjCY6MMYCSkKa7hTP05kaFYqUkcms4Y6ZFa9HLxP6+f6ujSzyhPUk04ni+KUga1gHkacEAlwZpNDEFYUnMrxCMkEdYms4oJwV18+S/pnNVdp+7enVcb10UcZXAIjkANuOACNMAtaIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q1hJJT8</latexit><latexit sha1_base64="F8F+YdM/SHTnx8tISUfLSuur7fw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFKIoJuhKJQXFawD2hCmEwn7dDJTJiZCCV046+4caGIWz/DnX/jpM1CqwcuHM65l3vvCRNGlXacL6u0tLyyulZer2xsbm3v2Lt7HSVSiUkbCyZkL0SKMMpJW1PNSC+RBMUhI91wfJP73QciFRX8Xk8S4sdoyGlEMdJGCuyDZs3DI3py1Qyc02bgelioXAjsqlN3ZoB/iVuQKijQCuxPbyBwGhOuMUNK9V0n0X6GpKaYkWnFSxVJEB6jIekbylFMlJ/NHpjCY6MMYCSkKa7hTP05kaFYqUkcms4Y6ZFa9HLxP6+f6ujSzyhPUk04ni+KUga1gHkacEAlwZpNDEFYUnMrxCMkEdYms4oJwV18+S/pnNVdp+7enVcb10UcZXAIjkANuOACNMAtaIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q1hJJT8</latexit><latexit sha1_base64="F8F+YdM/SHTnx8tISUfLSuur7fw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFKIoJuhKJQXFawD2hCmEwn7dDJTJiZCCV046+4caGIWz/DnX/jpM1CqwcuHM65l3vvCRNGlXacL6u0tLyyulZer2xsbm3v2Lt7HSVSiUkbCyZkL0SKMMpJW1PNSC+RBMUhI91wfJP73QciFRX8Xk8S4sdoyGlEMdJGCuyDZs3DI3py1Qyc02bgelioXAjsqlN3ZoB/iVuQKijQCuxPbyBwGhOuMUNK9V0n0X6GpKaYkWnFSxVJEB6jIekbylFMlJ/NHpjCY6MMYCSkKa7hTP05kaFYqUkcms4Y6ZFa9HLxP6+f6ujSzyhPUk04ni+KUga1gHkacEAlwZpNDEFYUnMrxCMkEdYms4oJwV18+S/pnNVdp+7enVcb10UcZXAIjkANuOACNMAtaIE2wGAKnsALeLUerWfrzXqft5asYmYf/IL18Q1hJJT8</latexit>

To first order in v:

To have undamped collective mode: 𝛌>1.

1. Zero sound (m=0): u(✓,�) = u(✓)
<latexit sha1_base64="pKHd2TJCYg94wheGfzQF05UaOQU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARWpCSiKAboejGZQX7gCaUyXTSDJ08mLkRSqgbf8WNC0Xc+hfu/BunbQRtPXDhzDn3MvceLxFcgWV9GYWl5ZXVteJ6aWNza3vH3N1rqTiVlDVpLGLZ8YhigkesCRwE6ySSkdATrO0Nryd++55JxePoDkYJc0MyiLjPKQEt9cyDtOJAwICcOEnAq5c/z2rPLFs1awq8SOyclFGORs/8dPoxTUMWARVEqa5tJeBmRAKngo1LTqpYQuiQDFhX04iETLnZ9IIxPtZKH/ux1BUBnqq/JzISKjUKPd0ZEgjUvDcR//O6KfgXbsajJAUW0dlHfiowxHgSB+5zySiIkSaESq53xTQgklDQoZV0CPb8yYukdVqzrZp9e1auX+VxFNEhOkIVZKNzVEc3qIGaiKIH9IRe0KvxaDwbb8b7rLVg5DP76A+Mj28ySZYR</latexit><latexit sha1_base64="pKHd2TJCYg94wheGfzQF05UaOQU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARWpCSiKAboejGZQX7gCaUyXTSDJ08mLkRSqgbf8WNC0Xc+hfu/BunbQRtPXDhzDn3MvceLxFcgWV9GYWl5ZXVteJ6aWNza3vH3N1rqTiVlDVpLGLZ8YhigkesCRwE6ySSkdATrO0Nryd++55JxePoDkYJc0MyiLjPKQEt9cyDtOJAwICcOEnAq5c/z2rPLFs1awq8SOyclFGORs/8dPoxTUMWARVEqa5tJeBmRAKngo1LTqpYQuiQDFhX04iETLnZ9IIxPtZKH/ux1BUBnqq/JzISKjUKPd0ZEgjUvDcR//O6KfgXbsajJAUW0dlHfiowxHgSB+5zySiIkSaESq53xTQgklDQoZV0CPb8yYukdVqzrZp9e1auX+VxFNEhOkIVZKNzVEc3qIGaiKIH9IRe0KvxaDwbb8b7rLVg5DP76A+Mj28ySZYR</latexit><latexit sha1_base64="pKHd2TJCYg94wheGfzQF05UaOQU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARWpCSiKAboejGZQX7gCaUyXTSDJ08mLkRSqgbf8WNC0Xc+hfu/BunbQRtPXDhzDn3MvceLxFcgWV9GYWl5ZXVteJ6aWNza3vH3N1rqTiVlDVpLGLZ8YhigkesCRwE6ySSkdATrO0Nryd++55JxePoDkYJc0MyiLjPKQEt9cyDtOJAwICcOEnAq5c/z2rPLFs1awq8SOyclFGORs/8dPoxTUMWARVEqa5tJeBmRAKngo1LTqpYQuiQDFhX04iETLnZ9IIxPtZKH/ux1BUBnqq/JzISKjUKPd0ZEgjUvDcR//O6KfgXbsajJAUW0dlHfiowxHgSB+5zySiIkSaESq53xTQgklDQoZV0CPb8yYukdVqzrZp9e1auX+VxFNEhOkIVZKNzVEc3qIGaiKIH9IRe0KvxaDwbb8b7rLVg5DP76A+Mj28ySZYR</latexit><latexit sha1_base64="pKHd2TJCYg94wheGfzQF05UaOQU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARWpCSiKAboejGZQX7gCaUyXTSDJ08mLkRSqgbf8WNC0Xc+hfu/BunbQRtPXDhzDn3MvceLxFcgWV9GYWl5ZXVteJ6aWNza3vH3N1rqTiVlDVpLGLZ8YhigkesCRwE6ySSkdATrO0Nryd++55JxePoDkYJc0MyiLjPKQEt9cyDtOJAwICcOEnAq5c/z2rPLFs1awq8SOyclFGORs/8dPoxTUMWARVEqa5tJeBmRAKngo1LTqpYQuiQDFhX04iETLnZ9IIxPtZKH/ux1BUBnqq/JzISKjUKPd0ZEgjUvDcR//O6KfgXbsajJAUW0dlHfiowxHgSB+5zySiIkSaESq53xTQgklDQoZV0CPb8yYukdVqzrZp9e1auX+VxFNEhOkIVZKNzVEc3qIGaiKIH9IRe0KvxaDwbb8b7rLVg5DP76A+Mj28ySZYR</latexit>

✓
1 +

1

2
F0I1(�)

◆
c0 +

1

6
F1I2(�)c1 = 0

<latexit sha1_base64="TaOWz19oZKWDONY8V2Sqaw6l86I="></latexit><latexit sha1_base64="TaOWz19oZKWDONY8V2Sqaw6l86I="></latexit><latexit sha1_base64="TaOWz19oZKWDONY8V2Sqaw6l86I="></latexit><latexit sha1_base64="TaOWz19oZKWDONY8V2Sqaw6l86I="></latexit>

1

2
F0I2(�)c0 +

✓
1

3
+

1

6
F1I3(�)

◆
c1 = 0

<latexit sha1_base64="Wz6UmKcG8orTxvJ+S3NMy7TymIw="></latexit><latexit sha1_base64="Wz6UmKcG8orTxvJ+S3NMy7TymIw="></latexit><latexit sha1_base64="Wz6UmKcG8orTxvJ+S3NMy7TymIw="></latexit><latexit sha1_base64="Wz6UmKcG8orTxvJ+S3NMy7TymIw="></latexit>

In(�) =

Z 1

�1
dxxn/(x� �)

<latexit sha1_base64="QWg5LhD4EylaujtF/0zHOo1GQfM=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoQuuMCLoRim50V8E+oDMdMpm0Dc1khiQjLUP/wY2/4saFIm7duPNvTB+Cth4IHM65h5t7/JhRqSzry8gsLC4tr2RXc2vrG5tb5vZOTUaJwKSKIxaJho8kYZSTqqKKkUYsCAp9Rup+72rk1++JkDTid2oQEzdEHU7bFCOlJc88uvF4wWE6EKDDC4dy5aVFe9iygz7st/hxoV/8cT0zb5WsMeA8sackD6aoeOanE0Q4CQlXmCEpm7YVKzdFQlHMyDDnJJLECPdQhzQ15Sgk0k3HNw3hgVYC2I6EflzBsfo7kaJQykHo68kQqa6c9Ubif14zUe1zN6U8ThTheLKonTCoIjgqCAZUEKzYQBOEBdV/hbiLBMJK15jTJdizJ8+T2knJtkr27Wm+fDmtIwv2wD4oABucgTK4BhVQBRg8gCfwAl6NR+PZeDPeJ6MZY5rZBX9gfHwDpQycvQ==</latexit><latexit sha1_base64="QWg5LhD4EylaujtF/0zHOo1GQfM=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoQuuMCLoRim50V8E+oDMdMpm0Dc1khiQjLUP/wY2/4saFIm7duPNvTB+Cth4IHM65h5t7/JhRqSzry8gsLC4tr2RXc2vrG5tb5vZOTUaJwKSKIxaJho8kYZSTqqKKkUYsCAp9Rup+72rk1++JkDTid2oQEzdEHU7bFCOlJc88uvF4wWE6EKDDC4dy5aVFe9iygz7st/hxoV/8cT0zb5WsMeA8sackD6aoeOanE0Q4CQlXmCEpm7YVKzdFQlHMyDDnJJLECPdQhzQ15Sgk0k3HNw3hgVYC2I6EflzBsfo7kaJQykHo68kQqa6c9Ubif14zUe1zN6U8ThTheLKonTCoIjgqCAZUEKzYQBOEBdV/hbiLBMJK15jTJdizJ8+T2knJtkr27Wm+fDmtIwv2wD4oABucgTK4BhVQBRg8gCfwAl6NR+PZeDPeJ6MZY5rZBX9gfHwDpQycvQ==</latexit><latexit sha1_base64="QWg5LhD4EylaujtF/0zHOo1GQfM=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoQuuMCLoRim50V8E+oDMdMpm0Dc1khiQjLUP/wY2/4saFIm7duPNvTB+Cth4IHM65h5t7/JhRqSzry8gsLC4tr2RXc2vrG5tb5vZOTUaJwKSKIxaJho8kYZSTqqKKkUYsCAp9Rup+72rk1++JkDTid2oQEzdEHU7bFCOlJc88uvF4wWE6EKDDC4dy5aVFe9iygz7st/hxoV/8cT0zb5WsMeA8sackD6aoeOanE0Q4CQlXmCEpm7YVKzdFQlHMyDDnJJLECPdQhzQ15Sgk0k3HNw3hgVYC2I6EflzBsfo7kaJQykHo68kQqa6c9Ubif14zUe1zN6U8ThTheLKonTCoIjgqCAZUEKzYQBOEBdV/hbiLBMJK15jTJdizJ8+T2knJtkr27Wm+fDmtIwv2wD4oABucgTK4BhVQBRg8gCfwAl6NR+PZeDPeJ6MZY5rZBX9gfHwDpQycvQ==</latexit><latexit sha1_base64="QWg5LhD4EylaujtF/0zHOo1GQfM=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoQuuMCLoRim50V8E+oDMdMpm0Dc1khiQjLUP/wY2/4saFIm7duPNvTB+Cth4IHM65h5t7/JhRqSzry8gsLC4tr2RXc2vrG5tb5vZOTUaJwKSKIxaJho8kYZSTqqKKkUYsCAp9Rup+72rk1++JkDTid2oQEzdEHU7bFCOlJc88uvF4wWE6EKDDC4dy5aVFe9iygz7st/hxoV/8cT0zb5WsMeA8sackD6aoeOanE0Q4CQlXmCEpm7YVKzdFQlHMyDDnJJLECPdQhzQ15Sgk0k3HNw3hgVYC2I6EflzBsfo7kaJQykHo68kQqa6c9Ubif14zUe1zN6U8ThTheLKonTCoIjgqCAZUEKzYQBOEBdV/hbiLBMJK15jTJdizJ8+T2knJtkr27Wm+fDmtIwv2wD4oABucgTK4BhVQBRg8gCfwAl6NR+PZeDPeJ6MZY5rZBX9gfHwDpQycvQ==</latexit>

No solution for 𝛌>1. 

Fermi liquid properties



Zero sound to . Define v2

⌫(✓) +
cos ✓

4⇡

Z
d⌦0F (�)

⌫(✓0)

cos ✓0 � �
= 0

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌫(✓) = (cos ✓ � �)u(✓)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

For weak coupling , it is easy to see that λ→1, and the major contribution to the 
integral arises from . 𝜈(θ) is nonzero only in small region close to .

F(χ) ≈ 0
θ′￼≈ 0 θ ≈ 0

Namely, zero sound only exists due to many-body corrections, similar to 2D dipolar Fermi 
gas (Lu and Shlyapnikov, PRA, 2012).

2. Transverse sound (m=1): u(✓,�) = u(✓) exp(i�)
<latexit sha1_base64="p+5jtYMxqebP2YoDLrrnXQ4AgW8=">AAACDHicbVDLSgMxFM3UV62vqks3g0VoQcqMCLoRim5cVrAP6JSSSe90QjOZIbkjltIPcOOvuHGhiFs/wJ1/Y/oQtPVA4OScc0nu8RPBNTrOl5VZWl5ZXcuu5zY2t7Z38rt7dR2nikGNxSJWTZ9qEFxCDTkKaCYKaOQLaPj9q7HfuAOleSxvcZBAO6I9yQPOKBqpky+kRQ9DQHrsJSEvXfxcSx7cJ0U+EU3KKTsT2IvEnZECmaHayX963ZilEUhkgmrdcp0E20OqkDMBo5yXakgo69MetAyVNALdHk6WGdlHRunaQazMkWhP1N8TQxppPYh8k4wohnreG4v/ea0Ug/P2kMskRZBs+lCQChtje9yM3eUKGIqBIZQpbv5qs5AqytD0lzMluPMrL5L6Sdl1yu7NaaFyOasjSw7IISkSl5yRCrkmVVIjjDyQJ/JCXq1H69l6s96n0Yw1m9knf2B9fANOR5p/</latexit><latexit sha1_base64="p+5jtYMxqebP2YoDLrrnXQ4AgW8=">AAACDHicbVDLSgMxFM3UV62vqks3g0VoQcqMCLoRim5cVrAP6JSSSe90QjOZIbkjltIPcOOvuHGhiFs/wJ1/Y/oQtPVA4OScc0nu8RPBNTrOl5VZWl5ZXcuu5zY2t7Z38rt7dR2nikGNxSJWTZ9qEFxCDTkKaCYKaOQLaPj9q7HfuAOleSxvcZBAO6I9yQPOKBqpky+kRQ9DQHrsJSEvXfxcSx7cJ0U+EU3KKTsT2IvEnZECmaHayX963ZilEUhkgmrdcp0E20OqkDMBo5yXakgo69MetAyVNALdHk6WGdlHRunaQazMkWhP1N8TQxppPYh8k4wohnreG4v/ea0Ug/P2kMskRZBs+lCQChtje9yM3eUKGIqBIZQpbv5qs5AqytD0lzMluPMrL5L6Sdl1yu7NaaFyOasjSw7IISkSl5yRCrkmVVIjjDyQJ/JCXq1H69l6s96n0Yw1m9knf2B9fANOR5p/</latexit><latexit sha1_base64="p+5jtYMxqebP2YoDLrrnXQ4AgW8=">AAACDHicbVDLSgMxFM3UV62vqks3g0VoQcqMCLoRim5cVrAP6JSSSe90QjOZIbkjltIPcOOvuHGhiFs/wJ1/Y/oQtPVA4OScc0nu8RPBNTrOl5VZWl5ZXcuu5zY2t7Z38rt7dR2nikGNxSJWTZ9qEFxCDTkKaCYKaOQLaPj9q7HfuAOleSxvcZBAO6I9yQPOKBqpky+kRQ9DQHrsJSEvXfxcSx7cJ0U+EU3KKTsT2IvEnZECmaHayX963ZilEUhkgmrdcp0E20OqkDMBo5yXakgo69MetAyVNALdHk6WGdlHRunaQazMkWhP1N8TQxppPYh8k4wohnreG4v/ea0Ug/P2kMskRZBs+lCQChtje9yM3eUKGIqBIZQpbv5qs5AqytD0lzMluPMrL5L6Sdl1yu7NaaFyOasjSw7IISkSl5yRCrkmVVIjjDyQJ/JCXq1H69l6s96n0Yw1m9knf2B9fANOR5p/</latexit><latexit sha1_base64="p+5jtYMxqebP2YoDLrrnXQ4AgW8=">AAACDHicbVDLSgMxFM3UV62vqks3g0VoQcqMCLoRim5cVrAP6JSSSe90QjOZIbkjltIPcOOvuHGhiFs/wJ1/Y/oQtPVA4OScc0nu8RPBNTrOl5VZWl5ZXcuu5zY2t7Z38rt7dR2nikGNxSJWTZ9qEFxCDTkKaCYKaOQLaPj9q7HfuAOleSxvcZBAO6I9yQPOKBqpky+kRQ9DQHrsJSEvXfxcSx7cJ0U+EU3KKTsT2IvEnZECmaHayX963ZilEUhkgmrdcp0E20OqkDMBo5yXakgo69MetAyVNALdHk6WGdlHRunaQazMkWhP1N8TQxppPYh8k4wohnreG4v/ea0Ug/P2kMskRZBs+lCQChtje9yM3eUKGIqBIZQpbv5qs5AqytD0lzMluPMrL5L6Sdl1yu7NaaFyOasjSw7IISkSl5yRCrkmVVIjjDyQJ/JCXq1H69l6s96n0Yw1m9knf2B9fANOR5p/</latexit>

requires , thus no undamped transverse sound (not surprising!). F1 > 6

� = 1 + 2 exp


� 1

24(k3Fv)
2

�

<latexit sha1_base64="4tTZqe5CaCZS2ZQLMYLYCD6w5sE="></latexit>

Fermi liquid properties



Normal state properties
Analytic calculation at low-temperature cannot be extended to strongly interacting regime, 
but it can be done at high temperature approximately using Nozieres-Schmitt-Rink scheme. 

Two-channel model:
<latexit sha1_base64="FinF+pWsWpU37D+Dv1BsYi9JwGc="></latexit>

H0 =
X

k

✏ka
†
kak +

X

m,q

(✏q/2� ⌫m)b†m,qbm,q

<latexit sha1_base64="NgoELSLTftNWwwTuT192ldQceb0="></latexit>

V =

X

m,k,q

gmp
2⌦

kY1ma†q/2�ka
†
q/2+kbm,q +H.c.

Calculating the two-body scattering T-matrix, one can find the renormalisation conditions
<latexit sha1_base64="CZFdc7uQ3bjYqHs9ELairVdDcss="></latexit>

v�1
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4⇡

g2mm
⌫m +

4⇡

⌦

X

k

1

rm =
4⇡

g2mm2
+

2⇡

m⌦

X

k

1

✏k

Note again while  can have both signs,  is always positive.vm rm



Normal state properties
The diagram that contributes to the thermodynamic potential is given by [Yao and Zhang,  
PRA 2018]

<latexit sha1_base64="/FiGmFw9W2IxbjdkPu9geiHX35c="></latexit>

⌦int =
X

m,q

Z 1

�1

dz

⇡

1

e�z � 1
Im{ln[1 + g2m⇧m(q, z + i0+)GM

0 (q, z + i0+)]}

Take into account the free thermodynamic 
potential from both molecule and fermion, 
one finds finally

<latexit sha1_base64="HiJ1GEZN7i4d2Loclps8IWeybTQ="></latexit>

⌦ = ⌦F
0 �

X

m,q

Z
dz

⇡

1

e�z � 1
�m(q, z)

This is identical to the expression obtained 
for a single channel model, provided that 
one identify .δm(q, z) = −arg[Γ−1

m (q, z)]
<latexit sha1_base64="q59X5RppZmXY4PDn/zSXvInFczA="></latexit>
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m(q, z)
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Decay of Quasi-bound Dimer: two-body

Eb

EF

EF�Eb

To calculate the life-time (decay rate) of the dimer, we 
compute the simplest dimer self energy

⌃b(i⌦m,p) =

p/2 + k, i!n

p/2� k, i(⌦m � !n)

no decay

decay For scattering in vacuum, we find that for a shallow dimer 
at rest , the decay rate is given byp = 0

Close to resonance, this is quite small. Thus, only a narrow 
window in energy in the scattering states are affected by 
the presence of quasi-bound state.
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Normal state properties
Several thermodynamic quantities can be computed from the NSR scheme, for example, free 
energy, chemical potential and contact parameters. kF /rm ≈ 0.04.



Normal state properties
In fact, a simple model of boson-fermion mixture can explain most of findings by NSR.  
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When the bound state is below the continuum, all fermions 
form molecules with bound state energy Eb = ℏ2/(mvr1)

When the quasi-bound state is above the continuum, all 
fermions with energy above  form bound states. 
Otherwise there is no interactions. So contacts come 
entirely from bound states.

E
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Conclusion

Introduction to p-wave system and its comparison with its s-wave counterpart; 
1. Energy (momentum)-dependent scattering; 
2. Effective range cannot be neglected and cannot be tuned to zero; 

  
Low-energy scattering and universal relations;  

1. Similar to the s-wave case but now requires extra parameters; 
2. Sub-leading term can be important; 
3. Generalisation to cases when rotation symmetry is broken (explicitly or spontaneously) 

Normal state and Fermi liquid properties; 
1. Narrow resonance leads to simple picture of molecule-fermion mixture; 
2. Effective range makes contributions to quantum fluctuations; 
3. Some consequence for transport. 

Three-body recombination. 
1. Effective range changes the scaling law for three-body recombination; 
2. Further studies needed to address the experimental observation.
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Plan:

Lecture I:  

Introduction to p-wave system and its comparison with its s-wave counterpart;  
Low-energy scattering and universal relations;  
Normal state and Fermi liquid properties; 
Three-body recombination.

Lecture II:  

Bulk viscosity and effects of effective range; connection to SO(2,1) symmetry; 
Viscosity sum rule and high frequency tails; 
Viscosity in 1D p-wave Fermi system; 
Emergent s-wave scattering in 1D p-wave Fermi system.



Recap: Low-energy scattering and unitary limit

In fact, there is a dynamical SO(2,1) symmetry that governs the TDSE, and this leads to the 
so-called conformal tower states [cf. Lecture by Qi Zhou].
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fs(k) =
1

�1/as � rek2 � ik

Unitary limit corresponds to  and ,  . This corresponds to a scale 
invariant interaction. Finite  or  will lead to the breaking of scale invariance.

as = ± ∞ re = 0 fs(k) = i/k
as re

For s-wave scattering:

For p-wave scattering:
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�1/v � r1k2 � ik3

Unitary limit corresponds to  and ,  . This also corresponds 
to a scale invariant interaction. Finite  or  will lead to the breaking of scale invariance.

v = ± ∞ r1 = 0 fs(k) = i cos χ/k
v r1



Scale invariant limit
Typically, one can incorporate the scattering via the Bethe-Peierls boundary condition 
(without effective range correction). In the s-wave case:
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If we perform a scaling transformation:
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The Bethe-Peierls boundary condition becomes 

There are two limits for which the boundary condition is invariant: (1) non-interacting limit 
when  and (2) unitary limit when .as = 0 as = ± ∞

In the presence of effective range, scaling symmetry is broken.



In fact, it is possible to show that in a harmonic trap, the TDSE
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is exactly satisfied with 
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For small oscillations
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✏̈(t) + 4!2✏(t) = 0

Namely, the oscillation is exactly at twice the harmonic trap frequency with no damping. 
Bulk viscosity vanishes at all frequencies.

See, for example, Werner and Castin, in The BCS-BEC Crossover and the Unitary Fermi Gas, ed. 
Wilhelm Zwerger (Springer, 2011). E. Taylor and M. Randeria, PRA 81 053601 (2010)
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Scale invariant limit



Viscosity
When internal friction is taken into account, the Euler equation becomes
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The momentum flux density operator  takes the form:Πik

 is the shear viscosity and  is the bulk viscosity.η ζ

In one dimension, there is no shear motion, so only bulk viscosity remains.
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When system has scaling symmetry (when scattering length 
diverges + zero effective range), bulk viscosity should vanish.

This happens in the non-interacting and unitary limit.



Kubo formula for bulk and shear viscosities
To calculate the viscosities, we use Kubo formula [Luttinger 1964]
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In the case of bulk viscosity, the correlation can be written in terms of contact correlation 
functions [                                                                           ]
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While for shear viscosity, it is given by
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Calculations on s-wave, see Nishida (2019), Enss (2019) and Hoffman (2019). Results for p-
wave are given by Maki and Zhang (2020).



An Explicit Calculation in 3D
A two-channel model (for both s-wave and p-wave):
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s-wave: p-wave:
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Operator form for contacts (A0=1, A1=1/2):
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Bulk viscosity
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In equilibrium, any correlation with Hamiltonian is zero, so we are left with only correlators 
between various contacts [Maki and Zhang, PRL (2020)]:
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Bulk viscosity at high temperature
In the high temperature limit, analytic results can be obtained. Here high-temperature limit is 
defined by
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Bulk viscosity
To second order in fugacity, from the explicit expressions, it can be shown that 
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Shear viscosity at high temperature
In the high temperature limit, analytic results can be obtained. Here high-temperature limit is 
defined by
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Viscosity in 1D p-wave Fermi gas
Now, let us consider the simple situation of 1D p-wave Fermi gas and investigate the bulk 
viscosity and its temperature dependence. We focus on the weak coupling limit for which the 
system is describable as a Luttinger liquid at low temperature.
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In the case of 1D p-wave, only the leading term in the effective range expansion is 
necessary, as in 3D s-wave case. In the high temperature and zero  limitω

Weak coupling limit Resonant limit

Bulk viscosity
<latexit sha1_base64="cHkOcIqGgFIsMlIxmIX/hHMoeNI="></latexit>

⇣(! ! 0) ⇡ 2

⇡5/2
(kFa)

2T 1/2
<latexit sha1_base64="8E8fBzz1OG/ktfBT5eDbia8fnB4="></latexit>

⇣(! ! 0) ⇡ k2F
T 5/2a2

ln

✓
4

a2!e��E

◆

Maki and Zhang, 2023, see also Tanaka and Nishida (2022)



Viscosity in 1D p-wave Fermi gas
Instead of the usual canonical form of the Luttinger liquid, it turned out to be more 
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In this representation, term has the same structure as that arises from the quadratic band 
correction, but now includes interaction effects. 
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Since this term only reproduces the non-interacting band structure, we do not expect it to give 
rise to a non-zero bulk viscosity. We shall focus on the term.η+−

This term describes the genuine interaction effects that leads to a nonzero viscosity and we shall 
work to second order in g.
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Viscosity in 1D p-wave Fermi gas
In terms of dressed chiral fields, relevant operators can be written as
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One can then proceed with the computation of Kubo correlation function for bulk viscosity. 

1. At thermal equilibrium, commutation with H is zero, so only term 
contributes;  term does not contribute to bulk viscosity.
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η−−
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Viscosity in 1D p-wave Fermi gas
Focusing on the term, we can calculate its contribution to viscosity using Kubo formula 
[Maki and Zhang, PRA (2023)]
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Drude weight
What we have calculated so far is the regular part of the viscosity spectral function, but there 
could also be a Drude weight
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In the perturbative calculation at high temperature, one find that (Nishida 2023)
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Now, in fact the 1D p-wave Fermi model without effective range is dual to Lieb-Liniger 
model and can be solved exactly. It will be desirable to calculate the Drude weight D using 
Bethe ansatz… Work in progress!



Experimental system
When confined into an one-dimensional tube, a single component Fermi gas can exhibit s-
wave scattering when transverse collision channels are available.
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Single particle Hamiltonian:

With simple replacement of the effective 
mass, this is also the non-interacting 
Hamiltonian for the relative motion of two 
particles in the quasi-1D trap.  

Assuming confinement along direction is 
weak and setting . Then the relative 
eigenstates are labeled as .

y−
ωy = 0

|nx, nz, k⟩

Kenneth Jackson et al, PRX 13 021013 (2023)



Experimental system
One complication for  is that there is a dipole splitting of the resonance, in this case, 
since the magnetic field is along , the resonance (corresponds to ) split from 
the resonance ( ) by about .

40K
z xy− m = ± 1

z− m = 0 0.5G

Note:  

1. Excitation along direction means 
that the energy is shifted by . 

2. Dipole interaction shift the resonance 
up in magnetic field. 

3. P-wave dimer energy changes 
approximately linearly with magnetic 
field. 

4. The hybridisation of p-wave dimer and 
scattering states needs to respect 
symmetry considerations (Franck-
Condon Principle).

x, z−
ℏωx,z

z−
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We thus expect three resonances with first resonance of p-wave character in quasi-1D 
direction and the following two resonances of s-wave character. The later two resonances 
only occur when there are occupations of the relevant excited band.

Experimental system



Confirmation of s-wave channel
So, what are the consequences of the new modality of scattering? This turned out to be quite 
spectacular for radio-frequency response. Using OPE (operator product expansion):

In fact, at still higher frequencies, similar behaviour repeats and one expects to the response 
should crossover to 3D. Indeed this is the case.

s-wave RF tail:

p-wave RF tail:

Intuitive Fermi Golden rule analysis.



Crossover in RF
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In the asymptotic frequency regime, there is a crossover from 1D to 3D behaviour with 
unique features appearing when a new scattering channel becomes available. Similar 
crossover also occurs in 2D-3D, and has been seen experimentally at Toronto.



Conclusion
Introduction to p-wave system and its comparison with its s-wave counterpart; 

1. Energy (momentum)-dependent scattering; 
2. Effective range cannot be neglected and cannot be tuned to zero; 

  
Low-energy scattering and universal relations;  

1. Similar to the s-wave case but now requires extra parameters; 
2. Sub-leading term can be important; 
3. Generalisation to cases when rotation symmetry is broken (explicitly or spontaneously) 

Normal state and Fermi liquid properties; 
1. Narrow resonance leads to simple picture of molecule-fermion mixture; 

Viscosity; 
1. Singular dependences on the effective range, opposite to that in s-wave case 
2. 1D viscosity non-analytic in , hydrodynamic longtime tails… 

Confinement in 1D: 
1. New modality in 1D scattering 
2. Crossover from 1D to 3D can be explored in RF.
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