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Plan:

Lecture I:

Introduction to p-wave system and its comparison with its s-wave counterpart;
Low-energy scattering and universal relations;

Normal state and Fermi liquid properties;

Three-body recombination.

Lecture II:;

Bulk viscosity and effects of effective range; connection to SO(2,1) symmetry;
Viscosity sum rule and high frequency tails;

Viscosity in 1D p-wave Fermi system;

Emergent s-wave scattering in 1D p-wave Fermi system.



Low-energy scattering

Consider low-energy scattering via a short-range potential (~7o). The effects of the
potential can be described by a few scattering parameters via effective range expansion.

In the s-wave case, kcotd,(k) = —1/as — rok? 4 - -

1

fs(k) = —1/as — rok? — ik

The s-wave effective range 1s sub-leading to ik; its effects usually 1s perturbative.

In the p-wave case, k°cotd,(k) = —1/v —rik®+--.

B k? cos x
=1/ v —rik? — k3

fo(K)
The p-wave effective range 1s more important than the unitary term i%3.

Close to resonance (v—0), causality bound shows that r; > 0 and cannot be taken to be

zero, so unitary limit for p-wave scattering cannot be achieved [Hammer and Lee, 2010; Bo
Gao 2011, Yu, Thywissen and Zhang, 2015].



Proof of r; > 0

Let us sketch an explicit proof of 71>0. Consider the radial Schrédinger equation with £ = 1:

d? 2 m o 2
—5 + o5 go(r) [ x(r) = Lx(r) = Fx(r)

Here k? = mE/h?*. Now the wave function y(r) can be expanded in energy as
x(r) = uo + K*ui(r) + - --
And the Schrodinger equation can be written as:
f)ug =0
Luy = ug

Let us define the Green function G(r, r’) as: zG(r, r’) = 6(r — r'). Now if we take uy(r) and vy(r)
to be the regular and irregular solution of the homogeneous equation at » = 0, then

i (1) = /O Gl () dr

1
G(r,r') = W@(r — r')uo(r)vo(r’) — Uo(T)UQ(T/))
W 1s the Wronskian (constant).



Proof of r; > 0

Using this form of Green function, one can write down the wave function y(r) as

x(r) = ug(r) + %2 O"’ dr’ [uo(r)vo(r') — vo(r)ug(r")]ue (")

Let us consider a point r,. for which ry < r. < d, where d is the average inter-particle distance,
then the wave function can be written in terms of asymptotic wave functions

x(r) = r(cot op(k)j1(kr) — y1(kr))
Here 6,(k) is the p-wave scattering phase shift

1
k> cot 0, (k) = —— —rik* + -+
v

By equating the logarithm derivative of y(r) at r., one finds the equation

Te 2 5
N\ 2 / rc 1 rc
— d _
1 /O UO(T> r —+ 3u + ro 452}2

This 1s always large than zero close to resonance when v — *+ 0.



Relation of (v, ry) to inter-atomic potential

We can establish the relation between the short-range potential and the low-energy scattering
parameters, (v, ry). Consider two nearly identical potential v,.(r) = v(r) £ ov(r)/2, the SEs

are:
h? d? 2h? hk3
<_E dr? +ox(r) + mr2> x(r) = m X(7)

The wave functions in the range r ~ r, take the form:

( ) 1 r2 n 12 r r? n ré n
r) = - — — —7r e o o
X r 3u. =127 37T 300,

By the usual trick, and expand to k2 and 5v(r), then we have

—(1/v) — (ki + k%) /26r; = % OOO drov(r)x.(r)x_(r)

This allows for the following 1dentities:

So-1 — _% dr 5v(r)|ug(r)|?,
0

ory = — — dr dv(r)ug(r)uy (r),



Universal relations

Due to the separation of length scales d > r,,, the short-range correlation can be approximated

by that of the two-body correlation. Formally, this means that the two-body density matrix can
be written as

p2(ri,ro) Zna(b (r1,r2)0q(r1,12).

With ¢, (r) etc being the eigenfunction and 7, eigenvalues. Importantly, ¢ (r) must have the
same form as two-body physics in the range r < ry. That 1s, in the short-range, we can write

¢a—(P,] Z,m) (rla I‘2) \/_7“ eXp(ZP ' R)Spjf (T)nm (7/;)7

Spjﬁzl( ) — / dkaijk(T) T a’jﬁ:Xﬁl(T)7
0

These relations allows for a straightforward derivation of several universal relations. For
example, let us consider the interaction energy in a many-body system. Recall that the
potential v(7) is a short-range function. It can be written as

1

<U> = 5 /drldrzfv(]rl — r2’)p2(r1 — I'Q)

(v)y = %Z [C’f)m) /drv(fr)]uo(r)\Q + C’l(Qm) /drv(r)uo(fr)ul(r)}

m



Universal relations

We have defined the so-called contact parameters

Cclm) = an,j,m(/ dkaj)?,
P?j
w1
cim = 5D Pm / dk / Ak a;naw (K2 + k).
P.j

We note that clearly Cém) > (. Consider a small change of interaction potential é6v(r), or
more explicitly (dv/dA)dA, then by using Hellmann-Feynman theorem,

dB _ [ dv
dh  \d\

This again can be expressed in terms of

<d?;(;)> _ %Z lcgm) / dr dz(;) uo(r)|? + CL™ / dr dz(;) uo(r)us (r)

_ m [
Using the relations between vt = — 72 dr §v(r)|uo(r)|?,
sv1, or; and ov(r), one finds N 0 "
the adiabatic relations. ory = — S dr 5v(r)ug (r)us (r),



Universal relations

Adiabatic relations:

dFE
dv—1

:_’fz(;(m) )

m v drq

r1

Simple example of two-body bound state (say for m = 0 component, pole of f,(k))

h2
E=—
mury
This gives the two-body contact parameters
1 1
Cv —_— — CR — ——2
T Uy

This 1s consistent with the direct analysis of the two-body wave function

w(r) = \/1/r(1/r* + x/r)exp(=kr) Y ,_;, (7).

As long as one can describe the p-wave system by two parameters (v, r;), those universal

relations are quite independent of the exact model for the microscopic interaction. [ Yoshida
and Ueda, PRL 2015, Yu, Thywissen and Zhang, PRL 2015, He, Zhang, Chan and Zhou, PRL
2016.]



Two-Body Bound State
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Inter-atomic potential

In ultra cold atomic systems, the inter-atomic potential v(r) generally consists of a short-
range repulsive core and long range attractive van der Waals tail.

vt () = v(r) + el +1) For cold atoms in their ground electronic
) mr2 state, v(r) usually has a long tail given by
| —C¢/r®, and the form of v_+(r) becomes (>
hardcore)

TmaX
[ T o 32 Mt
[JILA, ENS, MIT, ETH, Osaka,

Swinburne: Rice, PSU. With V.dW,. the p-wave effective range
Toronto: PRR 3 033269 (2021)] expansion 1s generally not correct (Zhang,
Pascal and Ueda, 2010; Gao, 2011).




Inter-atomic potential: General consideration

One needs to simplify the actual interaction while retaining the same low-energy scattering
properties.

exx + Z Vkk' Yk = Ei
k/

The inter-atomic potential can be decomposed in angular momentum channels

viae = 9 (20 + 1)v}y)pe(cos 6)
14

Focus only on the p-wave channel, we have T
Uiz,l — / drjy (kr)v(r)j: (k’r)r2dr L/

[ts structure as a function of k, k' can be kb ----------—————§==——------——-.
determined when either of them is small.

When k < 1/r,, ji(kr) ~ kr vt = kg(k') ;

Ve = kK g(k)g (k')




Model Interaction

Thus, one possible choice of the effective potential 1s given by choosing

g(k) = co + c1k?
Neglecting the fourth order term 1n momentum,

virt = kE'[g1 + g2(k* 4+ k%))

This leads to a different set of renormalization (perturbative) conditions:

~ 127mv 2402 P

g1 = + dqq®
m m Jq

3mv2ry 1202 A
_|_

m m 0

g2 = — dq

For potential in the weak coupling limit (g1, g2 small), the expansion amounts to keeping
terms of order v, vZ and vzrl. In the Fermi liquid calculation, we will retain up to v?and v2r1

(assuming r; to be a constant).



S-wave vs. P-wave

Renormalization condition 1s fixed by calculating the on-shell scattering amplitude. In s-
wave only up to energy independent term:

1 4rra a?
folk) = —— g= 0 e g

—as - — 1k m 27m21m

This guarantees the finiteness of off-shell scattering amplitude also (Fetter & Walecka).

In the p-wave case, renormalisation needs to be done up to the effective range order

B k? cos x
 —1/v—rik? — k3

fo(K)

Consequence:

(1) In the p-wave case, the renormalisation condition in general only guarantees the
finiteness of on-shell scattering amplitude;

(2) In the many-body calculation beyond mean field, off-shell scattering amplitudes are also
needed — consistent calculation of off-shell properties then requires extra parameters

other than v and r; (quasi-particle residue!)



S-wave vs. P-wave

To make concrete the last statement, we look at (half) off-shell scattering amplitude
Fo (K k) = / T (K )V () (b, ) dr
0
If £k = k', then we have the scattering amplitude given before. To analyse the structure of

J,(k’, k) when both k" and k are small, we note
Ji(E'r) oc E'r(1 —K*r? /8 +--+)

Up (k) = k(" () + K290 () + )

Substitute in ];(k’, k), we find

k/2 oo

k) =t | [ @i+ 12 [ rveiar -5 [T eu0viar]

The first term corresponds to the scattering volume v, but later two terms cannot be expressed
in terms of on-shell scattering parameter r; alone. Needs more microscopic parameters! One
consequence: quasi-particle residue cannot be expressed in terms of v and r;.



Fermi liquid properties

Using the (g, g,) form of the interaction potential, one can compute the Landau Fermi
liquid properties of a single component Fermi gas [Ding and Zhang, PRL 2019]
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Fermi liquid properties

Landau function: f(y) = — {12(ka) (1—cosx) — 6;—1(74%’0)2 (1 —cosx)’

mkp F
T (k30) 3y 5
FU [ (1428 Sm =~ — 674sin 7 + 330 sin EX)
3 1+ X
3 EIY e sy — 30.cos 2y + 55 cos 3y — 18)
2 1—-sing

Note that the same logarithm singularity occurs when y = #. The dimensionless Landau
parameter F'(cosx) = v(0) f(cos x) = Z FyPy(cos x)

1| 1 12In2 + 11
Fo = = |6(k; 4 — - kipv)?
o= 2 okt +a (2 - EEEER) (ko]
Fy = — |—6(k} — k
1 | (FU)+<kF+ 105+ )(F’U)
Fo=—(—-2— k
2T ( T ) (F0)
. . 1 1 kr
Exact Fermi liquid relations holds: — = — — f(x) cos xdS2
m* m  (2m)3

c] = ki (1 + Fy)/(3mm*)

In the limit when r| vanishes, the contribution from effective range vanishes.



Fermi liquid properties

Collective excitations are quite different from s-wave case.

cos 6

(cos@ — Nu(B, ¢) +

/ a0 FO) (0, ¢') = 0

47

To first order 1n v:

u(@,gb) F(X) = Iy + I} COS X

To have undamped collective mode: A>1.
1
1. Zero sound (m=0):  u(0,¢) = u(f) I.(A\)= / dza™ [(x — A)
—1

1 1
(1 -+ 2F0[1()\)> Co + 6F1]2()\)Cl — ()

1 1 1
§F0]2()\)CQ —l— (3 —I— 6F1]3()\)> C1 = O

No solution for A>1.



Fermi liquid properties
Zero sound to v2. Define v(6) = (cosf — \)u(6)

cos 6 v(0")
O F —
47 /d () cosf — A\ 0

For weak coupling F(y) =~ 0, it 1s easy to see that A—1, and the major contribution to the
integral arises from 6’ =~ 0. ¥(0) is nonzero only in small region close to 8 =~ 0.

v(0) +

1
)\ — 1 —|—2€Xp [_24(]{3%2])2]

Namely, zero sound only exists due to many-body corrections, similar to 2D dipolar Fermi
gas (Lu and Shlyapnikov, PRA, 2012).

2. Transverse sound (m=1): u(0, ¢) = u(0) exp(i¢)

requires F; > 6, thus no undamped transverse sound (not surprising!).



Normal state properties

Analytic calculation at low-temperature cannot be extended to strongly interacting regime,
but it can be done at high temperature approximately using Nozieres-Schmitt-Rink scheme.

Two-channel model:

Hy = Z eka;r{ak + Z €q/2 — Vm)b;rn,qu’q

m,q

.I.
V= Z lema a/2—k%q/2+1k0m.q + H.c.
m,k q

Calculating the two-body scattering T-matrix, one can find the renormalisation conditions

4 N 2T 1
— il
g2 m?  m§l — €x

Note again while v, can have both signs, r,, 1s always positive.



Normal state properties

The diagram that contributes to the thermodynamic potential 1s given by [ Yao and Zhang,
PRA 2018]

U =3 / = tm{Inf1 4 2 (a2 +i07)GY (.= +i07)]}

Take into account the free thermodynamic

k; + lq’ Wy + Un potential from both molecule and fermion,
. 2 . one finds finally
gmklYl,,1<k:1,><:>J,,lkl| Vi, (k)
1 Q=0 — Z/ - 652 —9m(a, 2)
A —k; + 59 ~Wn, o)
,’21, m, Up, q, M, Vp s

This 1s 1dentical to the expression obtained
for a single channel model, provided that

one 1dentify 6,(q, z) = —arg[l“;ll(q, 2)].

2
g Y ToMqz) ="z
\ /, 47-‘- 4ﬂ-vm
\

zZ+
\\\\\ : : /,’/ HT (q7 ) — Hm(q7 ) Q I — — Z T

+117,,(q, 2)



Decay of Quasi-bound Dimer: two-body

no decay
|
2F
¢ F
E f
f
decay
| |
S 2Ep
f f

To calculate the life-time (decay rate) of the dimer, we
compute the simplest dimer self energy

P/2 + k, iwy
Zb(iﬂm, p) —
p/2 —k,i(Q2, —wn)

For scattering in vacuum, we find that for a shallow dimer
at rest p = 0, the decay rate 1s given by

- h? (_mE{)”

32 m 3/2
o)~ el /(B er)

mr,,

Close to resonance, this 1s quite small. Thus, only a narrow
window 1n energy in the scattering states are affected by
the presence of quasi-bound state.



Normal state properties

Several thermodynamic quantities can be computed from the NSR scheme, for example, free
energy, chemical potential and contact parameters. k. /r,, = 0.04.

0.02
0.04} :
oooF---—--—--———-f-
-0.02¢
0.02} ~0.04}
—-0.06¢} Ok
emmmm CZ(KEN)
-0.08¢}
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~EEF ~E/Ef



Normal state properties

In fact, a simple model of boson-fermion mixture can explain most of findings by NSR.

|
E
¢ F
E, !
|
| |
S Er
1 f

When the bound state 1s below the continuum, all fermions
form molecules with bound state energy E, = #%/(mvr,)

When the quasi-bound state 1s above the continuum, all
fermions with energy above E form bound states.
Otherwise there 1s no interactions. So contacts come
entirely from bound states.

Crm/kr  1EP
Cv,mkF 2 Bp

- N
9] =}

Ratio z-resonance
Ratio zxy-resonance
o

o
(3}

0.0




Conclusion

Introduction to p-wave system and its comparison with its s-wave counterpart;
1. Energy (momentum)-dependent scattering;
2. Effective range cannot be neglected and cannot be tuned to zero;

Low-energy scattering and universal relations;
1. Similar to the s-wave case but now requires extra parameters;
2. Sub-leading term can be important;
3. Generalisation to cases when rotation symmetry is broken (explicitly or spontaneously)

Normal state and Fermi liquid properties;
1. Narrow resonance leads to simple picture of molecule-fermion mixture;

2. Effective range makes contributions to quantum fluctuations;
3. Some consequence for transport.

Three-body recombination.
1. Effective range changes the scaling law for three-body recombination;

2. Further studies needed to address the experimental observation.
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Recap: Low-energy scattering and unitary limait

For s-wave scattering:

1

fs(k) = —1/as — r.k? — ik

Unitary limit corresponds to a, = £ oo and r, = 0, f(k) = i/k. This corresponds to a scale
invariant interaction. Finite a, or r, will lead to the breaking of scale invariance.

For p-wave scattering:
B k? cos y
 —1/v —rik? — k3

fp (k)

Unitary limit corresponds to v = £ co and r; = 0, f,(k) = icos y/k. This also corresponds
to a scale invariant interaction. Finite v or r; will lead to the breaking of scale invariance.

In fact, there 1s a dynamical SO(2,1) symmetry that governs the TDSE, and this leads to the
so-called conformal tower states [cf. Lecture by Q1 Zhou].



Scale invariant limit

Typically, one can incorporate the scattering via the Bethe-Peierls boundary condition
(without effective range correction). In the s-wave case:

. . . 1 1
lim \IJ({:CZ}, {y]}) — ’f - —>.| -

|fi—’]jj‘—>0

bada, @y

If we perform a scaling transformation:
x; — fz/)\(t), and gj — y_}/)\(t)

The Bethe-Peierls boundary condition becomes

lm (/AL 35/ = { = - o PAUE/AL (/)

| T —Y;|—0 T3 — yj’ as

_ {‘x L }A’( 7047/

_gj’ B )\as

There are two limits for which the boundary condition 1s invariant: (1) non-interacting limit
when a; = 0 and (2) unitary limit when a, = + 0.

In the presence of effective range, scaling symmetry 1s broken.



Scale invariant limait
In fact, 1t 1s possible to show that in a harmonic trap, the TDSE

" 2
ma\pg,t) = [—h—V§z + 1frnc,u(t)zXQ] U(X, 1)

2m 2

1s exactly satisfied with . s
= e?0(t) imA(t) - — —
U(X.t) = X2 U(X /A1), t
Provided that )
. w*(1) v = At)(z,y,2)

A1) + w? (H)A() —

For small oscillations A(t) =1+ €(t), €(t) <1

E(t) + dw?e(t) =0

Namely, the oscillation 1s exactly at twice the harmonic trap frequency with no damping.
Bulk viscosity vanishes at all frequencies.

See, for example, Werner and Castin, in The BCS-BEC Crossover and the Unitary Fermi Gas, ed.
Wilhelm Zwerger (Springer, 2011). E. Taylor and M. Randeria, PRA 81 053601 (2010)



Viscosity
When internal friction is taken into account, the Euler equation becomes

2( _)__aHz'k:
at IOU’L -

8£Uk

The momentum flux density operator I1;, takes the form:

82)@ a?}k 2 afl}l ) C5zk (9?)1

_ _52
o1, 8::3;

ILix = poix + pvive —n (&Uk 5. oz,

n 1s the shear viscosity and { is the bulk viscosity.

In one dimension, there 1s no shear motion, so only bulk viscosity remains.

™ -~ When system has scaling symmetry (when scattering length
~ — diverges + zero effective range), bulk viscosity should vanish.
-~ N
/ l \ This happens in the non-interacting and unitary limit.



Kubo formula for bulk and shear viscosities

To calculate the viscosities, we use Kubo formula [Luttinger 1964]

Bulk:  ((w) = Imxj(“) XR(w) =i /O " dte— <[ﬁ(t),ﬁ(0)]>
(zy) © A -
Shear- n(w) = Imx}; (w) ngy) (W) = ,L-/O o it <[H(=’By)(t), H(f”y)(O)]>

In the case of bulk viscosity, the correlation can be written in terms of contact correlation
functions [C,, = —0H /0a, ' and Cg,(t) = —0H /OR,]

i) = 2/, + 2 D% o E R,

07

While for shear viscosity, it 1s given by

100 — [ el (0)(~19.) (09, ), x)

Calculations on s-wave, see Nishida (2019), Enss (2019) and Hoffman (2019). Results for p-
wave are given by Maki and Zhang (2020).



An Explicit Calculation in 3D

A two-channel model (for both s-wave and p-wave):

2 ¢ 2
=3 (5 - n) k00000 + 30 Y (G v 2m) 4 (@@

2
k,o Q m=—/
¢
to 30 X\ T Ve R Qe (G 1) v (F k) + e
m=—{ Qk,o
s-wave: g =—0g=1/2; m=0 p-wave: o =o0; m=—1,0,1

The coupling constants g and v can be related to (a,, r,) and (v, ry) via standard

renormalisation for two-particle scattering, and will be denoted as (a,, R,) for both s- and p-
wave cases.

Operator form for contacts (Ao=1, A1=1/2): aw = —8[?/8@;1 and GRE (t) = —(9]?/81%
¢

2
_~ g
Cul = Y 240 / dRd (R, 1)d,, (R, 1)

m=—/

¢ 2 2
~ V
Cr,(t) = Z 47‘ZA€ /dein(R, t) (i@t + T) dmn(R,1)
m=—~¥




Bulk viscosity

In equilibrium, any correlation with Hamiltonian 1s zero, so we are left with only correlators
between various contacts [Maki and Zhang, PRL (2020)]:

Xr(w) = z/ dte™"“? <
0

CE(W) — Ca,a(w) + QCa,R(w) + CR,R(W)

20+ 1)Ca, (1) | (20 — )Gy (610, 2T 1)Ca, (0)

Qy Qy

+ (20— 1)Cg, (0)Ry

Thus, the calculation of bulk viscosity 1s reduced to the computation of four-dimer
correlation function. For example:

20— 1)(20+ 1R d — —ae— e —
Ca,R(W) _ ( 9aev / Z/ X e + %
g*D(Q, x +1i0) D(Q,x +w + 1) >$=<
< [ 47TAl ] fm [ 47TAl ] ©

< Fw) (x AP 2) Fla,w) = w s (@) - np(e +w)

4



Bulk viscosity at high temperature

In the high temperature limit, analytic results can be obtained. Here high-temperature limit is
defined by

s-wave case: a,? < kpT,w < r,?
p-wave case: 1/(vr) < kpT,w < r?
High frequency limit zero-frequency limit
(leading term) (as = Fo0;v = F00)
S-wave vere fo (1o L _ 4 ), G 2022 g
36V s Q2w asTew w 9 )\%
Vw 10 7C,. 2027 1
| QNS 36V Cay {1+ Vr1W + 2w 3 ’r%)\%

Note that at resonance for high frequency limit (very different for s- and p-wave):

2C
Co(w,as — +o0) = T:‘;G‘is Vw o< r?
Cy _
(1(w,v — F+o0) = 36V wory !



Bulk viscosity

To second order in fugacity, from the explicit expressions, it can be shown that

A sum rule can also be derived for {(w)

> dw d ]. 2({90% QaCRe
e _ ——— (2 1 20 — 1
[ % o) ctw) = gy |24 1250 4 012 R
180, OCh,
20— 1)(2 1
+(2¢ —1)(2¢ + )(azRe R + ag Ry 9, )]

In the s-wave case, this generalises the earlier calculation by Taylor and Randeria, PRA 81
053610 (2010)



Shear viscosity at high temperature

In the high temperature limit, analytic results can be obtained. Here high-temperature limit is
defined by

S-wave case: a;? < kpT,w < r.?
p-wave case: 1/(vr) < kpT,w < r?
High frequency limit zero-frequency limit
(Ieading term) (as = F+oo;v = +00)
S-wave 4 (Oa ! + oCr, 1 ) o
15\ V w2V w3/2 8v/2\3.
4 (C, C, 1 S & 5
- 1
prwave 15 (v\/a+ 2V @) 48 % 2572 THZ, o rivT

Note that at resonance for high frequency limit (very different for s- and p-wave):

1
No(w, s — 00) X —= X 7«2

NG

m(w,v — 00) o Vw o< 7]



Viscosity in 1D p-wave Fermi gas

Now, let us consider the simple situation of 1D p-wave Fermi gas and investigate the bulk
viscosity and its temperature dependence. We focus on the weak coupling limit for which the
system 1s describable as a Luttinger liquid at low temperature.

=y a2yt (5 00) o (5-)e (5 -0) 0 (5 )

The two-body T-matrix 1s

k2dk
T HQ - = — — (E — Q2
m(E — Q2/4) — k2 +id 4a V Q4 +1i0)

In the case of 1D p-wave, only the leading term 1n the effective range expansion 1s
necessary, as in 3D s-wave case. In the high temperature and zero @ limit

Weak coupling limit Resonant limit

Bulk viscosity | ¢(w — 0) ~ —Q(kFCL)QTl/Z (o 0) ~ k% m( 4 )

w5/ T5/2q2 alweE

Maki and Zhang, 2023, see also Tanaka and Nishida (2022)



Viscosity in 1D p-wave Fermi gas

Instead of the usual canonical form of the Luttinger liquid, it turned out to be more
appropriate for our purpose to use the dressed chiral modes: H = Hy;, +V

U

Hii =5 [ del(@opy () + @rpr(@)?
V=1 /dw[(f?xw(w))g — (Owpr(@))°] + 14 /dm[(ﬁxm(w))zﬁxw(x) — (Ospr(2))*Oupr(z)]

In this representation, »_—term has the same structure as that arises from the quadratic band
correction, but now includes interaction effects.

2m 1 3mkp V2 1 1 —mgkp/(2m)
=y K* K?—1 : K =
==\ K 24m l“ T >] 6 m \/ L+ mgkp/(2m)

Since this term only reproduces the non-interacting band structure, we do not expect it to give
rise to a non-zero bulk viscosity. We shall focus on the 77, —term.

om 1 k V21 mgk
n+:\/%—[1—K2—$9(1—|—3K2)] , VT TIRE
T

8m 8m 27

This term describes the genuine interaction effects that leads to a nonzero viscosity and we shall
work to second order in g.



Viscosity in 1D p-wave Fermi gas

In terms of dressed chiral fields, relevant operators can be written as

on(z) = —\g;@mx) v = UF\/l - (%ja)Q

J(z) = _\EZ 00zor () — (30— + 03 )r(Ozr(x))?]

H(ZC) — \EETF |:4(377 —+ 77-|—)]_I o 2?)77+ Z/dﬂ? (a:c@r(x)axspf<$) o (a:cgpr(aj)2)):|

One can then proceed with the computation of Kubo correlation function for bulk viscosity.

1. At thermal equilibrium, commutation with H is zero, so only 77, —term
contributes; 7_—term does not contribute to bulk viscosity.

2. i



Viscosity in 1D p-wave Fermi gas

Focusing on the 7, —term, we can calculate its contribution to viscosity using Kubo formula
[Maki and Zhang, PRA (2023)]

B Kn? W B mkpa® w
(W)= dmv tanh(Bw/4) 727 tanh(Bw/4)
(XS
VT
X CL2

linear-T'

OCCL2




Drude weight

What we have calculated so far 1s the regular part of the viscosity spectral function, but there
could also be a Drude weight

((w) = Do(w) + Creg(w)

In the perturbative calculation at high temperature, one find that (Nishida 2023)

D~a® a—0

D~1/a* a— oo

Now, 1n fact the 1D p-wave Fermi1 model without effective range is dual to Lieb-Liniger
model and can be solved exactly. It will be desirable to calculate the Drude weight D using
Bethe ansatz... Work 1n progress!



Experimental system

When confined into an one-dimensional tube, a single component Fermi gas can exhibit s-
wave scattering when transverse collision channels are available.

Kenneth Jackson et al, PRX 13 021013 (2023)

Single particle Hamiltonian:

1 1
Hy= —p2 4=
0=5,P T5m

(wixQ + w§y2 + w§z2)

With simple replacement of the effective

mass, this 1s also the non-interacting

Hamiltonian for the relative motion of two

particles in the quasi-1D trap.

Assuming confinement along y—direction 1s
weak and setting @, = 0. Then the relative

eigenstates are labeled as |n,, n,, k).

Asymptotic ~ Transverse qlD Resonant
Continuum state parity parity dimer
Zeroth 10,,0., k) Even Odd y dimer
First 11,,0,, k) Odd Even x dimer
Second 0y, 1., k) e Odd Even z dimer




Experimental system

One complication for *’K is that there is a dipole splitting of the resonance, in this case,
since the magnetic field is along z, the xy—resonance (corresponds to m = £ 1) split from
the z—resonance (m = 0) by about 0.5G.

Note:

1. Excitation along x, z—direction means
that the energy is shifted by 7w, ..

2. Dipole interaction shift the z—resonance
up 1in magnetic field.
3. P-wave dimer energy changes

approximately linearly with magnetic
field.
h2

Eb — X (B — Bo>
B; B, B Magnetic field mury

4. The hybridisation of p-wave dimer and

Asymptotic ~ Transverse qlD Resonant .
Continuum state parity parity dimer scattering states needs to respect
Zeroth 104, 0z, k) el Even Odd y dimer symmetry considerations (Franck-
First |1_\., 0,, k>rel Odd Even x dimer Condon PrlHClple)

Second 0y, 1., k) Odd Even z dimer




Experimental system

We thus expect three resonances with first resonance of p-wave character in quasi-1D
direction and the following two resonances of s-wave character. The later two resonances
only occur when there are occupations of the relevant excited band.

1.0 (a) . | ABg AEan o :\ggg:ggnd
‘.’; 0.8 Bg : § %g §§ - S;%L::s-band
T 06 bog Q .
E 0.4 rE’ gﬁ §§° c:§
§ 0.2 1 ABy, m A0 §Q
= 0o o ﬂéogﬁgg: DinOnndtog _ g %ODQ 3
198 Tl99 2(I)O 2(I)1 202

Magnetic field B (G)



Confirmation of s-wave channel

So, what are the consequences of the new modality of scattering? This turned out to be quite
spectacular for radio-frequency response. Using OPE (operator product expansion):

10.0} s-wave RF tail:

i rE(w) = Q¢ [9(0’> 20(w — 2w, ) ]

2 2 (0 =2 ) ?w?

o
o
'l"

@

p-wave RF tail:

o
(&)
v l LA B A

Transfer I° (10 )
>
|

O (g) = Q2C, 9(5}) N 0w — 2a)L)2\/a) — 2w |
2 | @’? .
0 0.8 1.0 1.2 - .. : .
0.1 N T L Intuitive Fermi Golden rule analysis.
| 0.2 0.5 1.0 2.0

Detuning w/w,

In fact, at still higher frequencies, similar behaviour repeats and one expects to the response
should crossover to 3D. Indeed this 1s the case.



Crossover 1n RF

In the asymptotic frequency regime, there 1s a crossover from 1D to 3D behaviour with
unique features appearing when a new scattering channel becomes available. Similar
crossover also occurs in 2D-3D, and has been seen experimentally at Toronto.

M(w)/(AQ?)




Conclusion

Introduction to p-wave system and 1ts comparison with its s-wave counterpart;
1. Energy (momentum)-dependent scattering;
2. Effective range cannot be neglected and cannot be tuned to zero;

Low-energy scattering and universal relations;
1. Similar to the s-wave case but now requires extra parameters;
2. Sub-leading term can be important;
3. Generalisation to cases when rotation symmetry is broken (explicitly or spontaneously)

Normal state and Fermi liquid properties;
1. Narrow resonance leads to simple picture of molecule-fermion mixture;

Viscosity;
1. Singular dependences on the effective range, opposite to that in s-wave case
2. 1D viscosity non-analytic in @, hydrodynamic longtime tails. ..

Confinement in 1D:
1. New modality in 1D scattering
2. Crossover from 1D to 3D can be explored in RF.



